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Nederlandse samenvatting
–Summary in Dutch–
Computersimulaties zijn een essentieel instrument voor mechanische ingenieurs.
Eindige elementen modellen bieden een alternatief voor dure, tijdrovende en com-
plexe experimenten. Meer zelfs: ze bieden de kans om gegevens te verzamelen
die moeilijk of niet rechtstreeks afleidbaar zijn uit metingen. Gezien de constante
vooruitgang in rekencapaciteit en de ontwikkeling van nieuwe, beter uitgewerkte en
nauwkeuriger modellen, is de complexiteit van de problemen die kunnen opgelost
worden door middel van simulaties verschillende grootte-orden toegenomen in de
laatste decennia. Vandaag de dag hebben computer ondersteunde eindige elemen-
ten simulaties een belangrijke plaats ingenomen in het domein van de structurele
analyse en ontwerp. Door de onderzoekswereld worden constant nieuwe toepas-
singen naar voor geschoven waarbij eindige elementen simulaties experimenten
volledig vervangen. Niettemin is de simulatie van echte mechanische processen
geen evidente zaak, vooral niet in die processen waarbij permanente of plastische
vervormingen plaatsvinden. De geldigheid van een simulatie wordt beperkt door
de mogelijkheden van het gebruikte model om het werkelijke proces voldoende
gedetailleerd te beschrijven. Een diepgaand begrip van de factoren die het gedrag
van materialen onder vervorming en/of belasting bepalen, is fundamenteel voor de
ontwikkeling van nauwkeurige plastische modellen. Behalve een hogere precisie
en betere kwaliteit van de experimentele methoden voor materiaalkarakterisatie,
is ook een diepgaande kennis van de fundamentele mechanismen die zorgen voor
plastische vervorming essentieel. Deze mechanismen zijn voor polykristallijne
materialen, in het bijzonder metalen, uitgebreid bestudeerd door de wetenschap-
pelijke wereld. Dit onderzoek heeft geleid tot de ontwikkeling van geavanceerde
kristalplastische modellen, die een relatie geven tussen het macroscopische gedrag
van materialen en het gedrag van de individuele korrels waaruit ze bestaan, inlusief
de orientatie van die korrels, of de textuur van het materiaal. Deze modellen worden
meestal ingezet voor de simulatie van de vervormingsprocessen van metalen. Door
hun inherente complexiteit en de hoge rekenkost, worden ze niet vaak ingezet als
constitutieve modellen voor eindige elementen analyses op ware schaal.
In het kader van deze doctoraatsthesis is een nieuwe implementatie van een
kristalplasticiteitsmodel ontwikkeld, specifiek voor gebruik in combinatie met ein-
dige elementen methoden. Het model in kwestie is het Visco Plastic Self Consistent
model, of VPSC. In dit VPSC model wordt elke korrel beschouwd als een inhomo-
geniteit met een viscoplastisch -afhankelijk van vervormingssnelheid- en anisotroop
xvi N E D E R L A N D S E S A M E N VAT T I N G
-richtingsafhankelijk- gedrag, ingebed in een viscoplastisch, anisotroop en homo-
geen medium. Mits het gebruik van een iteratieve methode, geeft het model niet
enkel een oplossing voor het mechanische gedrag van een material, maar ook voor
de evolutie van zijn microstructuur. De voorgestelde implementatie geeft een oplos-
sing voor het algemeen geval van een elasto-viscoplastisch polykristal. Het gebruik
van een nieuw algoritme en een moderne implementatie leiden tot een intrisiek
betere performantie. Daarnaast kan efficient gebruik gemaakt worden van multi-
core computers indien het model ingezet wordt in combinatie met eindig elementen
software. Hierbij wordt de mogelijkheid geopend om complexe simulaties uit te
voeren met het VPSC model met een relatief beperkte rekentijd.
Dankzij zijn specifieke opbouw is VPSC een goede kandidaat voor het model-
leren van het complexe gedrag van Ti-6Al-4V. Deze titaniumlegering, met kleine
hoeveelheden aluminium en vanadium, is de meest gebruikte titaniumlegering met
toepassingen die gaan van onderdelen van ruimtetuigen tot medische protheses.
Ti-6Al-4V is een tweefasig materiaal, met een dominante hexagonale fase die sterk
anisotroop is. Bijgevolg is het materiaalgedrag ook sterk anisotroop, afhankelijk
van de specifieke microstructuur die zich vormt na de verschillende behandelingen
die het ondergaat tijdens de productie. Daarnaast is het mechanisch gedrag van
Ti-6Al-4V sterk afhankelijk van de vervormingssnelheid en temperatuur. Nagaan
of dit gedrag kan gesimuleerd worden door de viscoplastische formulering van het
VPSC model is een van de belangrijkste doelstellingen van deze thesis. Een meer
algemene doelstelling is om de geldigheid van het model na te gaan voor een brede
waaier aan condities, niet enkel met inbegrip van verschillende vervormingssnel-
heden, maar ook van de verschillende manieren van belasten. Ook de toepassing
van het polykristallijn model voor de simulatie van het vervormingsproces van
Ti-6Al-4V producten met verschillende interne structuren wordt onderzocht.
De eerste twee hoofdstukken van deze thesis geven een algemene inleiding
tot het onderwerp van het doctoraat en een overzicht van reeds gekende resultaten
die relevant zijn voor de studie. VPSC90, de implementatie van het VPSC model
ontwikkeld in het kader van deze thesis voor de integratie met eindige elementen
schema’s, is het onderwerp van het derde hoofdstuk. Hoofdstukken vier en vijf
zijn gewijd aan de experimentele karakterisatie van Ti-6Al-4V, essentieel voor de
bepaling van de modelleerparameters: de karakterisatie van de microstructuur wordt
behandeld in hoofdstuk vier, in hoofdstuk vijf worden de resultaten van de trektesten
die gebruikt worden voor de bepaling van de modelparameters beschreven. Speciale
aandacht wordt besteed aan de invloed van thermische effecten op de experimenten,
met als doelstelling de temperatuur te elimineren uit de beschrijving. Hoofdstuk
zes beschrijft de procedure die gevolgd wordt om de nodige parameters voor het
VPSC model voor Ti-6Al-4V af te leiden uit de experimentele data. Het behandelt
tevens de geldigheid van het verkregen model door de resultaten van de simulaties te
vergelijken met de resultaten uit de verschillende experimenten. Tot slot worden de
belangrijkste conclusies van dit werk samengebracht en worden enkele mogelijke
richtingen voor toekomstig onderzoek voorgesteld.
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Hopelijk kan dit werk dienen als een verdere stap naar meer nauwkeurige en
nuttige materiaalmodellen om zo te komen tot een beter begrip van het elasto-
viscoplastisch vervormingsgedrag van Ti-6Al-4V .

English summary
Computer simulations have become a fundamental tool for the mechanical engineer.
Finite element models provide an effective alternative to expensive, time consuming
and troublesome experiments. Moreover, they offer an opportunity to gather addi-
tional data which is difficult or impossible to acquire by direct measurements. With
the constant increase in computing power and the development of new, more elabo-
rated and more accurate models, the complexity of the problems that can be solved
using simulations has increased several orders of magnitude during the last decades.
Nowadays, computer aided finite element simulations have acquired an essential
importance in the fields of structural analysis and design. New applications are con-
stantly being proposed by the research community, sometimes completely replacing
experimental methods. However, the simulation of real mechanical processes is
not an obvious task, especially when those processes involve plastic (permanent)
deformation. The validity of a simulation is limited by the capacity of the used
model to describe the real process being simulated with sufficiently high level of
detail.
An in-depth understanding of the factors that determine the behaviour of materi-
als when being deformed is fundamental for the development of accurate plasticity
models. In addition to more precise and higher quality experimental methods for
material characterisation, a profound knowledge of the fundamental mechanisms
that govern plastic deformation is essential. In the particular case of polycrystalline
materials (and, notably, metals), these mechanisms have been extensively studied by
the scientific community. This research effort has resulted in the development of ad-
vanced crystal plasticity models, which are able to establish a relationship between
the behaviour of the material and the behaviour of the individual grains of which it
is composed, as well as the orientation of these grains (or texture of the material).
These models are usually employed for the simulation of metal forming processes
but, due to their complexity and high computational cost, are not commonly used
as constitutive models in full scale finite element analyses.
In the framework of this doctoral thesis, a new implementation of a crystal
plasticity model has been developed specifically to be used in conjunction with
finite element methods. The model in question is the Visco Plastic Self Consistent
model, or VPSC. In the VPSC model each grain is considered as an inhomogeneity
with a viscoplastic (strain rate dependent) and anisotropic (direction dependent)
behaviour, embedded in a viscoplastic, anisotropic and homogeneous medium.
Using an iterative method, the model gives a solution for the mechanical response
of the material and also for the evolution of its microstructure. The implementation
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presented here solves the more general case of an elasto-viscoplastic polycrystal.
In addition to having an intrinsic higher performance, thanks to the use of a new
algorithm and a modern implementation, it can make an efficient use of multi-core
computers when used in combination with finite element software, opening the
possibility of running large simulations using a VPSC model in a relatively short
time.
The features of VPSC make it a good candidate to model the complex behaviour
of Ti-6Al-4V. This alloy of titanium with small quantities of aluminium and vana-
dium is the most widely used titanium alloy, in applications that go from spacecraft
components to medical prostheses. Ti-6Al-4V is a dual phase material, although
mainly composed of a hexagonal structure, which is highly anisotropic. As a result,
the behaviour of the material is anisotropic too, depending on the particular texture
that it adopts after the different treatments to which it is subjected during processing.
It is also known that the mechanical behaviour of Ti-6Al-4V is highly dependent
on strain rate and temperature. Determining if this behaviour can be captured by
the viscoplastic formulation of the VPSC model is one of the main goals of this
thesis. A more general objective is to determine the validity of the model for a
wide range of conditions, including not only different strain rates but also different
loading modes. The application of a single polycrystal model for the simulation
of deformation processes considering Ti-6Al-4V products which have a different
initial texture is also studied.
The first two chapters of this thesis give a general introduction to the PhD
topic and present results previously obtained and relevant to this study. VPSC90,
the implementation of the VPSC model developed in the framework of this thesis
for integration with finite element schemes, is the subject of the third chapter.
Chapters four and five are dedicated to the experimental characterisation of Ti-6Al-
4V performed to obtain the model parameters: the characterisation of the material
microstructure is treated in chapter four, while chapter five discusses the results of
tensile tests used for parameter fitting. Special attention is paid to the influence that
thermal effects might have in these experiments, in order to leave the influence of
temperature out of the equation. Chapter six shows the procedure followed to obtain
the parameters of the VPSC model for Ti-6Al-4V from experimental data and asses
the validity of the obtained model, comparing the outcome of simulations with
results from different kinds of experiments. Finally, the main conclusions extracted
from this thesis are presented, and some possible directions for future research are
briefly discussed.
Hopefully, this work can serve as a further step towards more accurate and more
useful material models and improve our understanding of the plastic deformation
of Ti-6Al-4V.
1
Introduction
Engineers use science to solve their problems if the science is available.
But available or not, the problem must be solved, and whatever form
the solution takes under these conditions is called engineering.
– Joseph E Shigley. Shigley’s mechanical engineering design
1.1 Problem description
In order to satisfy the constant demand of society for new and better products,
mechanical engineers must be able to design structures that guarantee safety for
their users, have a competitive cost, and are no threat to the environment. More-
over, they must satisfy these properties not only during service but also during
production or after the end of service life. To achieve this goal, engineers make
use of several analysis tools, among which numerical simulation is one of the most
powerful. Computer aided simulations allow to carry out complex analyses without
the need of performing specific experiments, saving costs and time while increasing
flexibility. However, in order to have reliable simulations, it is necessary to dispose
of trustworthy models to describe the process to simulate. And, to model metallic
structures, an in-depth understanding of the mechanisms of plastic deformation of
metals is essential.
The titanium alloy Ti-6Al-4V is the most widely used titanium alloy and,
therefore, an interesting subject of study. In addition to the industrial importance
of this material, with numerous applications in critical fields such as transport
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and medicine, its particular properties make it an attractive material also from a
scientific point of view. The high dependence of the behaviour of Ti-6Al-4V on its
microstructure and external factors makes the development of a reliable model for
this material a difficult but interesting challenge.
1.1.1 Plastic deformation
Although, during service, materials normally deform only elastically, the study of
plastic deformation is not of less importance. Plastic deformation plays an essential
role in forming processes, and also in service situations which, although uncommon,
are critical in structural design, as for example a vehicle crash. This example is
interesting because it also shows the importance of knowing the dynamic behaviour
of the material, i.e. its behaviour when it is deformed at high speeds.
Plastic deformation is a complex phenomenon, because it is the result of the
interaction of several simultaneous mechanisms. In metals and other polycrystalline
materials, the mechanisms that determine the deformation of the material include
the slip of the different crystallographic planes in each of the individual grains,
the rotation and deformation of these grains, and the interaction forces between
them. Other events taking place in the material which can be of importance are, for
example, the formation of twins, the fragmentation of grains, or the recrystallization
of the material. In addition to its composition and its particular microstructure, the
properties of the material are influenced by external factors too, such as strain rate
and temperature.
Although experimental methods provide extensive and valuable information
about the properties of the plastic deformation of materials, it is not feasible to test
every possible combination of factors to determine the material behaviour. There-
fore, problems are usually approached using modelling techniques, as explained in
next section.
1.1.2 Modelling of plastic deformation
Simulations give the possibility of acquiring extensive data without having to
perform physical tests. The complexity of the simulations that can be performed
with computers has increased simultaneously with the improvements in computing
power, up to the point that, nowadays, simulations have replaced many analytical
methods and experimental procedures. However, simulations are still limited by
our capacity to describe the behaviour of materials in an accurate way. Only with
reliable material models it is possible to perform reliable simulations.
In the particular case of polycrystalline materials, crystal plasticity theory has
given rise to the emergence of several polycrystal models. However, these models
are complicated and, therefore, relatively inefficient when compared to other models.
Although polycrystal models have been around from the first half of the last century,
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the recent advancements in computer power have made the development of more
advanced models and the solution of more complicated problems possible.
During the last years, however, the evolution of computer hardware has ex-
perienced a dramatic change. Today, higher computing power is achieved not by
increasing the speed of a microprocessor, but by adding more microprocessors.
Parallel computers have become common even in devices like laptops and cell
phones, and high performance computer clusters have become relatively common
facilities. Many old programs need to be adapted to take full advantage of this new
paradigm in computing, and crystal plasticity models are no exception.
1.1.3 Modelling of Ti-6Al-4V plastic deformation
The plastic deformation of Ti-6Al-4V is principally determined by the behaviour of
its alpha phase. This phase has a hexagonal structure, and as a result the properties
of the material are anisotropic (direction dependent). Anisotropy supposes an added
difficulty, since the characterisation of the material needs to be performed in mul-
tiple directions. Phenomenological models capable of reproducing an anisotropic
behaviour require a very high number of parameters, and therefore a high number
of experiments.
The use of polycrystal models can simplify the characterisation of the material,
since crystal plasticity theory already includes concepts capable of taking anisotropy
into account in a physical way. However, crystal plasticity is also problematic, due
to the inherent complexity of polycrystal models. In the particular case of Ti-6Al-
4V, several characteristics of the material pose a challenge when defining a model,
such as the presence of multiple phases, the possibility of the formation of twins in
hexagonal crystals, and the influence of strain rate and temperature on the behaviour
of the material.
1.2 Objectives of this thesis1
This PhD thesis studies the plastic deformation of Ti-6Al-4V using a crystal plastic-
ity model. Of the many aspects involved in the plastic deformation of Ti-6Al-4V,
the main focus is on the study of the influence of the strain rate on the plastic
deformation, and the capacity of different models to capture this behaviour. The
models studied are: the Voce law, for its simplicity; the Johnson-Cook model, for
its importance in the simulation of dynamic processes; and the VPSC (Visco Plastic
Self Consistent) model, to take advantage of the benefits of crystal plasticity models
as explained in section 1.1.2.
The main goal of the crystal plasticity model is not so much to obtain a perfect
match between experiments and simulations, but to discuss the applicability of
1“Yet our lessons come from the journey, not the destination.”– Don Williams, Jr.
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the model to more general conditions than those for which it was fitted. For these
reasons, the model used is relatively simple (considering only one phase, and
neglecting twin deformation modes), but the simulations performed for its validation
are non-trivial.
In fact, this investigation tries to achieve two main objectives. In addition to a
further understanding of the plastic deformation of Ti-6Al-4V, the development of
new and better analysis and modelling techniques is also a goal in itself. Special
attention is paid to performing a precise characterisation of the material in order
to fit the model, including a detailed analysis of tensile tests and how test results
are influenced by thermal effects. Furthermore, a new implementation of the VPSC
model is specifically developed for its use in the FEM software Abaqus/Standard,
as well as a new method to fit the model parameters.
1.3 Outline
This thesis is divided in seven chapters and three appendices. The first two chapters
serve as introduction, while the specific results of this work are presented in chapters
three, four, five and six. Finally, chapter seven draws the conclusions of the study.
The main topics discussed in each chapter are:
Chapter 1. Introduction Problem statement and description of the objectives of
the thesis.
Chapter 2. State of the art Overview of previous studies concerning the topics
discussed in this work and introduction of experimental and modelling techniques
used along the next chapters. This chapter is divided in four main sections:
• Ti-6Al-4V Main properties of the material studied in this thesis, the titanium
alloy Ti-6Al-4V. The physical properties of the material, its crystal structure,
and the most important aspects of its mechanical behaviour are briefly dis-
cussed. The dependence of its properties on different factors is also treated in
this section.
• Experimental techniques The diverse techniques used in the experimental
part of this thesis are introduced in this section. The experimental program
consists of different kinds of tensile experiments, including dynamic tests at
high strain rates and isothermal tests, and also shear experiments.
• Modelling of plastic deformation Discussion of modelling techniques and
models used in this thesis. The VPSC model occupies most of this section,
which also presents the Voce law and the Johnson-Cook model, and includes
a short introduction to finite element analysis.
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• Polycrystal modelling of Ti-6Al-4V This section discusses previous attempts
to model the plastic behaviour of Ti-6Al-4V using crystal plasticity models.
Chapter 3. Development and implementation of a simplified algorithm for
VPSC Description of VPSC90, a new implementation of the VPSC model devel-
oped in the framework of this thesis. This chapter presents a new, more efficient,
algorithm for the solution of elasto-viscoplastic problems and compares VPSC90
with previous implementations.
Chapter 4. Material characterisation Detailed experimental characterisation
of the material, including composition and physical properties, and microscopic
studies performed to determine its microstructure.
Chapter 5. Effect of strain rate and temperature In-depth study of the ten-
sile behaviour of Ti-6Al-4V, with special emphasis on the effect of strain rate
and temperature. In addition to modelling the material behaviour using coupled
thermo-mechanical analysis, the obtained model is used in a novel method for the
determination of thermal conditions in tensile tests, and in finite element simulations
with Abaqus.
Chapter 6. Polycrystal modelling Implementation and validation of a VPSC
model for Ti-6Al-4V. Experimental results are used to fit the model parameters
and to generate the input files needed for the model, which is then used for the
simulation of different experimental processes.
Chapter 7. Conclusions and perspectives Main conclusions that can be ex-
tracted from this work and possible directions for future research.
Appendices
• A. Analysis and modelling of tensile experiments Additional concepts and
practical details related to the analysis of tensile experiments.
• B. Eshelby inclusion problem Small introduction to the Eshelby inclusion
problem and the solution implemented in VPSC.
• C. Source code Extracts of VPSC90 source code.

2
State of the art
Science is the belief in the ignorance of experts.
– Richard P. Feynman
This chapter presents several topics fundamental for this thesis and offers a
brief overview of the results of previous studies in the field. The first section
gives an introduction to the material studied, Ti-6Al-4V, its properties, and its
mechanisms of plastic deformation. The next sections give an overview of the
different experimental techniques used in this study, as well as the various models
and modelling techniques that can be applied to the study of the plastic deformation
of materials. Finally, the last section describes previous attempts related to the
polycrystal modelling of Ti-6Al-4V.
2.1 Plastic deformation of Ti-6Al-4V
The general properties of the titanium alloy Ti-6Al-4V are the subject of this section,
with special emphasis on those related to its response to plastic deformation. After
introducing the main properties and applications of the material, its composition
and microstructure are presented, as well as the deformation mechanisms of slip and
twinning, responsible for plastic deformation at the crystal level. The mechanical
response of the material is also studied at the macroscopic level, using tensile
properties dependent on temperature and strain rate. Finally, the phenomenom of
final failure is briefly introduced to show some basic concepts concerning ductile
fracture and the formation and development of adiabatic shear bands.
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2.1.1 Ti-6Al-4V
The titanium alloy Ti-6Al-4V accounts for more than 50% of total titanium usage as
an engineering material1 [1]. This is a consequence of its excellent combination of
mechanical strength and light weight, and its good resistance to hostile environments,
such as extreme temperatures and corrosive mediums.
Titanium alone is a strong, light metal with good resistance to corrosion and
high temperatures. Titanium is a bad conductor of electricity and is not magnetic. It
is stronger than common steels with half the weight, and twice as strong as weak
aluminium alloys but only 60% heavier (see figure 2.1). When combined with
aluminium and vanadium, the resulting alloy is not only significantly stronger, but
it also offers a better formability and is more receptive to heat treatments.
Figure 2.1: Material property chart comparing strength and density: titanium and its alloys have an excellent
strength-weight ratio [2]
The combination of high strength, light weight, formability and corrosion re-
sistance of Ti-6Al-4V makes it an excellent material for engineering applications,
with the only disadvantage of its high price. Although titanium is an abundant
material, extraction from its ores is an expensive procedure. Consequently, the use
of titanium alloys is limited to specialised applications where its good properties
are a requirement.
Some of the numerous practical uses of Ti-6Al-4V include components for the
space and aircraft industry, high-performance automotive parts, and the fabrication
1Approximately 95% of titanium ore extracted is destined for refinement into titanium dioxide
(TiO2), an intensely white permanent pigment used in paints, paper, toothpaste and plastics
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of different kinds of sports equipment, where high strength and low weight are
required. Some examples of these applications are shown in figure 2.2. Ti-6Al-4V
is also a commonly seen material in marine applications and power plants, due to
its good resistance to corrosive environments and high temperatures, as well as in
the fabrication of turbine engine components, as shown in figure 2.3. The good
corrosion resistance of Ti-6Al-4V makes it an excellent choice for the medical
industry too, where it is used in the fabrication of medical devices and many types
of implants and prostheses, as the ones shown in figure 2.4.
Figure 2.2: Several engineering parts manufactured with the titanium alloy Ti-6Al-4V: fasteners on the left
(©Uberbike Components Ltd) and valves of a combustion engine on the right (©Suzuki)
Figure 2.3: Ti-6Al-4V is one of the main materials in the fabrication of the turbine engine Trent 900,
manufactured by Rolls-Royce for the Airbus A380 (©International Aero Engines)
2.1.2 Microstructure of titanium and Ti-6Al-4V
Pure titanium exists in different phases, depending on temperature and pressure.
The most common phases are the α phase, with hexagonal close-packed (HCP)
microstructure, and the β phase, with body-centred cubic (BCC) microstructure.
Ti-α is the form that pure titanium takes in normal conditions, at room temperature
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Figure 2.4: Ti-6Al-4V is used in many medical applications. The X-ray image at the left shows a prosthesis used
in the recovery process of a leg fracture (picture courtesy of Dr. Alicia Valero Masa). At right, two orthopedic legs
manufactured with Ti-6Al-4V (©Rudy Malmquist)
and atmospheric pressure. At a temperature of approximately 883◦C (depending
on pressure and other factors), it undergoes an allotropic phase transformation,
becoming Ti-β (figure 2.5 shows the Ti-α and Ti-β crystal structures and the Ti
phase diagram). However, different alloying elements, called β stabilisers, can
severely decrease the transition temperature, making the β phase stable in normal
room conditions. Commercial titanium alloys with many different combinations of
Ti-α and Ti-β are available. They are conventionally classified in function of their
main phase into three different categories:
• Alpha and near alpha alloys: usually with less than 2% of alloying elements,
and therefore with most of the titanium in the form of Ti-α (although most
alloys retain a small fraction of β-phase, due to remaining impurities).
• Beta alloys: with more than 20% of alloying elements that make the β phase
stable at room temperature. Heat treatments like quenching and cooling are
also used to increase the amount of β-phase up to quantities close to 100%.
• Alpha-beta alloys: with considerable volume fractions of both phases, Ti-α
and Ti-β.
The different alloying elements and their quantity do not only affect the tran-
sition temperature, but also the properties of each of the individual phases. For
example, aluminium is an α-stabiliser that increases the transformation temperature,
but it can also strengthen the α phase when added in moderate quantities (if the
amount of Al in the material is too high, it can precipitate in the form of Ti3Al,
which also has a strengthening effect but can embrittle the material). On the other
hand, vanadium is a β-stabiliser that, in addition to reducing the transformation
temperature, makes the β phase stronger.
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Figure 2.5: Crystal structure of Ti-α (HCP, at left) and Ti-β (BCC, at right) and approximate phase diagram of
pure titanium
In general, although large amounts of the α phase are usually desired due to
its higher strength, small quantities of Ti-β are also desirable due to the higher
malleability of the alloy in the presence of this phase. In the particular case of the α
richα−β alloy Ti-6Al-4V, with 6% of aluminium (α-stabiliser) and 4% of vanadium
(β-stabiliser), the presence of approximately 4% of β phase in the material gives
it a good balance between strength and toughness, and a good response to heat
treatments. Other alloying elements – like the α-stabilisers O, N and C and the
β-stabilisers H, Mo, Fe and Cr – are also present in the alloy in small quantities.
Although these elements increase slightly the strength of the material, in general
they have negative effects on the mechanical properties [3].
The different arrangements of the titanium phases resulting from different hot
working and heat treatments can produce a wide variety of microstructures in the
material. The modification of different parameters during these processes, such as
the temperatures applied (and for how long), cooling and strain rates, or changes
in the atmosphere, produce microstructures with easily differentiable character-
istics, such as morphology, phase dispersion or grain size. Some characteristic
miscrostructures of Ti-6Al-4V after different heat treatments are shown in figure
2.6.
2.1.3 Deformation mechanisms of Ti-6Al-4V
When Ti-6Al-4V is deformed, most of the plastic deformation is accommodated by
the α phase. Therefore, in order to understand how the alloy is deformed, it is basic
to know the deformations mechanisms of titanium with HCP structure.
In general, HCP materials can be deformed by two different mechanisms. The
principal one is slip between the crystallographic planes of the material, which
will be activated if the effective shear in a plane of the crystal structure reaches
a critical value. This critical value, which may depend on numerous factors such
as temperature or accumulated strain, is lower along close-packed planes, and
therefore slip along these planes is the preferential method to accommodate plastic
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Figure 2.6: Microstructures of Ti-6Al-4V resulting from different heat treatments, including: Water Quenching
(WQ), Air Cooling (AC), encapsulated cooling and very slow cooling [3]
deformation. At higher loads or under certain deformation modes (principally,
compression), twins can also be formed along several directions of the crystal, also
depending on a critical value of stress.
In a hexagonal structure, slip can happen along the prismatic direction, the basal
direction, or several pyramidal directions. The planes and directions corresponding
to each of these slip systems in the particular case of Ti-6Al-4V are depicted in
figure 2.7. Due to the geometry of the Ti-α crystal cells, with a c/a ratio2 of
approximately 1.595, the principal slip mode at room temperature is prismatic glide
in the (101¯0) plane, followed by the basal one (0002). Finally, slip can happen
in two different pyramidal directions, < a > and, in lower amounts, < c+a >.
However, this behaviour is dependent of temperature: at high temperatures (between
500 and 700 K) pyramidal slip becomes the main slip system, while at even higher
temperatures (over 700 K) prismatic slip becomes again the predominant system [5].
In hexagonal materials, twinning can also happen in large volume fractions, spe-
cially in compression, having an important influence on the mechanical behaviour
2In hexagonal materials, the principal slip mode is determined by the c/a ratio, such that if c/a <
√
3
the primary slip is prismatic, while in materials with c/a >
√
3, it is basal [4]
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Figure 2.7: Slip systems in Ti-α [6]: Prismatic, Basal, Pyramidal<a> and Pyramidal<c+a> of first and
second order
and texture evolution. The most commonly observed twin systems in Ti-α (and in
HCP metals in general) are shown in figure 2.8.
The occurrence of twinning in single crystals of Ti-α depends on several factors,
such as crystal orientation, strain rate, temperature, and the presence of interstitial
elements. Twinning is favoured by the orientation of crystals in the basal direction
(due to the higher resistance to slip) and high strain rates, while interstitial elements
and high temperatures can completely suppress it [7, 8]. Similar results have been
observed during the study of Ti-α polycrystals [8, 9].
In the case of Ti-6Al-4V, the relatively high amount of aluminium in the material
presents an important obstacle to the formation of twins [8]. Nevertheless, some
researchers have identified twins in highly deformed Ti-6Al-4V, specially after
deformation at high strain rates [10]. It has also been argued that twinning may be
present at much lower strains and strain rates than generally expected, but due to
the complete reorientation of the grains it goes undetected in microscopic studies,
as is also the case in magnesium [11].
The β phase of titanium, with BCC structure, can also accommodate a certain
amount of deformation, but the low amount of this phase makes it much less
important in the overall behaviour of the material. However, the accommodation of
a certain amount of deformation in the more ductile β phase may be an explanation
of the lower twinning fraction in Ti-6Al-4V [8]. The α − β boundaries can also
present a serious obstacle to plastic deformation, having a strengthening effect on
the material.
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Figure 2.8: Twinning systems in Ti-α [8]
Finally, the alloying elements in Ti-6Al-4V, aluminium and vanadium, do not
directly participate in the deformation process, although the presence of interstitial
elements influences the critical shear required to activate the different deformation
mechanisms in titanium, as it has already been discussed in section 2.1.2.
2.1.4 Tensile properties of Ti-6Al-4V
The deformation mechanisms and microstructure of Ti-6Al-4V discussed in the
previous sections determine how the material is deformed at the microscopic level.
However, in practice, it is more convenient to describe the behaviour of the material
in relation with macroscopic properties that can be easily measured in standard
experiments. The tensile test (discussed in detail in section 2.2.1 and appendix
A) is the most common technique to measure the tensile properties of materials.
These properties do not only depend on to the intrinsic properties of the material,
such as composition and microstructure. Other test parameters such as temperature,
environment or the applied strain rate also have to be taken into account for a
rigorous characterisation of the material.
In general, in order to characterise the mechanical behaviour of an engineer-
ing material in a tensile test, strain rate and temperature are the most influential
parameters: an increased strain rate has a hardening effect, while high temperatures
soften the material. Both parameters are in fact related. If the heat that is generated
in the material as result of plastic deformation cannot be completely dissipated to
the environment, the temperature of the material will increase, and the material will
soften. But the amount of heat that is generated and dissipated depends on the strain
rate. Therefore, temperature and strain rate affect the material simultaneously but
with opposite effect on its properties.
The mechanical properties of Ti-6Al-4V have been extensively studied by means
of different experimental methods [12–14], as well as using numerical and analytical
techniques [15–17]. The results show that the properties of Ti-6Al-4V are indeed
strongly dependent on temperature and strain rate. Figure 2.9 shows a comparison
of the tensile strength recorded in experiments at different temperatures and strain
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rates performed by different research groups [14]. The effects of thermal softening
and strain rate hardening are clearly visible in the graphs.
Figure 2.9: Effect of temperature and strain rate on ultimate tensile strength of Ti-6Al-4V [14]
Although it has been observed that a temperature rise of only 50◦C can result in
a decrease of stress of more than 10% [18], most of the studies concerning the effect
of temperature focus on relatively high [19, 20] or low temperatures [21], while the
effect of small deviations from room temperature is rarely considered, in part due to
the difficulty of performing accurate measurements during the experiments [22, 23].
However, the study of this temperature range is especially interesting, because small
temperature increments are common during service. In addition to being expected
as an environmental condition, small increments of temperature in the material
can often be the result of heating during non-isothermal deformation processes.
Temperature increments of approximately 20◦C for each 10% of deformation at
high strain rate have been measured on pure titanium [22].
In chapter 5, a full analysis of the effect of strain rate and small temperature
variations on the tensile behaviour of Ti-6Al-4V is presented.
2.1.5 Plastic failure: adiabatic shear bands and ductile fracture
Plastic deformation can lead to final failure of the material. The most common
reason for failure in metals is ductile fracture. The extreme plastic deformation
localised in some regions of the material (for example, the necking region of the
specimen in a tensile test) leads to the nucleation and growth of voids, which
coalesce forming cracks that eventually produce the total separation of the material
[24]. Several researchers have extensively studied the ductile fracture of Ti-6Al-
4V [25, 26].
If the deformation process takes place at a high speed, a strong localisation of
strain can make the plastic flow of the material unstable, giving rise to the formation
of Adiabatic Shear Bands (ASBs). The generation of heat is higher in the region
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where strain is localised. If the speed of the process is high enough to prevent
this heat from being dissipated, the material temperature increases adiabatically,
softening it and reinforcing the localisation of strain, up to the point that small
regions of material can reach very high levels of local deformation. These regions
take the form of very narrow bands, of the order of 5− 100µm (and, in the case of
Ti-6Al-4V, usually only a few microns, as for example the ASB shown in figure
2.10).
Figure 2.10: Fully developed shear band in a Ti-6Al-4V hat-shaped specimen used for a shear experiment [27]
The material inside an ASB frequently experiences phase transformations. It
is generally believed that this transformation is the result of the high temperatures
reached as the result of adiabatic heating and the “quenching effect” due to the
very high gradients of temperature [22, 23]. However, some researchers have also
discussed alternative theories, such as the possibility of dynamic recrystallization
[28, 29].
The formation of ASBs is in fact the result of the interaction of several thermo-
dynamic and mechanical phenomena. Its study is a complex task, but fundamental to
understand the process of dynamic fracture. A complete study of the formation and
characterisation of ASBs in Ti-6Al-4V, and its influence on the dynamic behaviour
of the material, is presented in [27].
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2.2 Experimental methods
The experimental program consists of uniaxial tensile tests performed under dif-
ferent conditions of strain rate and temperature with specimens extracted from a
rolled sheet and from an extruded bar of Ti-6Al-4V, shear experiments performed
with expecimens extracted from the rolled sheet, and the characterisation of the
microstructural properties (grain shape and orientation) of both material products.
Section 2.2.1 presents all the techniques used for tensile testing, including quasi-
static tests, dynamic experiments, and temperature-controlled experiments with
thin-sheet specimens, and quasi-static tests with cylindrical specimens extracted
from the bar. The shear test methodology is presented in section 2.2.2. The last
section, 2.2.3, gives some details about the techniques and equipment used for the
analysis of material texture.
An exhaustive description of the experimental techniques used in this work can
be found in the PhD thesis of Jan Peirs [27].
2.2.1 Tensile tests
Tensile tests on Ti-6Al-4V in sheet form, performed at moderate strain rates from
8.00 · 10−5 s−1 to 5.00 · 10−1 s−1, are used in chapter 5 to determine the influence
of strain rate and the heating associated to deformation in the mechanical properties
of the material. The experiments are carried out on an Instron® servo-hydraulic
tensile machine.
The load is applied imposing a constant speed to the crosshead of the tensile
machine. Strain is measured using an extensometer (of the same gauge length of the
specimen, 50 mm) and, during the first stages of deformation (approximately, up to
1 %), with a strain gauge glued to the specimen. Additionaly, some experiments are
recorded with high-speed video and DIC (Digital Image Correlation) techniques
are used to determine average and local strain.
Experiments in this setup are performed in normal laboratory conditions at room
temperature, using standard specimens as specified in ASTM-E8M [30], machined
from a cold-rolled thin sheet of 0.6 mm and with a gauge length of 50 mm. The
geometry is shown in figure 2.11. The specimens are machined from the plate, using
Electro-Discharge Machining (EDM), such that the loading direction coincides
with the rolling direction.
2.2.1.1 Temperature controlled experiments
Isothermal tensile tests are used in chapter 5 to determine the temperature sen-
sitivity of the material. The results are used in combination with experiments
at different strain rates and a thermal model to obtain a complete model of the
thermo-mechanical behaviour of the material.
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Figure 2.11: Specimen geometry GL50, used in moderate strain rate experiments, compliant with
ASTM-E8M [30]. All dimensions are given in mm. The thickness of the Ti-6Al-4V sheet is equal to 0.6 mm
Experiments at different constant temperatures between −10◦C and 70◦C are
performed on an Instron® tensile machine. Isothermal conditions are guaranteed by
a fluid (a refrigerant mixed with water) contained in a special cell, in such a way
that the fluid is constantly flowing around the sample in a closed circuit. A Julabo®
refrigerator/heater circulator is used to cool or heat the fluid and keep it at constant
temperature.
Since a standard extensometer cannot be used in the cell, a special device,
developed in collaboration with Instron®, is coupled with the extensometer. A
picture of the setup, including the special extensometer mounted on the specimen,
the cell and the fluid circuit, is shown in figure 2.12. As it is shown in figure 2.13,
the lengths of the specimen gauge section (110 mm) and grip zones are extended
when compared to the standard specimen, in order to make room for the device and
the extensometer.
The speed of testing is defined in terms of the rate of separation of the two
heads of the testing machine and corresponds to a strain rate of 8.00 · 10−5 s−1 in
the gauge section of the specimen.
Additional experiments are performed with the same equipment and specimens
in air and fluid at a higher strain rate of 6.67 · 10−4 s−1. The results of these tests
are used in chapter 5 to validate several assumptions about the thermal behaviour
of the material when deformed inside fluid.
2.2.1.2 Jump experiments
The experimental setup described in section 2.2.1.1 is also used to perform tests
in which the thermal conditions change during the experiment. These experiments
are useful to assert that the differences observed in the results indeed represent the
difference in the thermal conditions instead of being the outcome of uncontrolled
factors.
The method used to generate an abrupt change in the thermal conditions of the
process is to start the experiment in air at normal laboratory conditions without
turning on the circulator, such that fluid does not flow around the sample, and, at a
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Figure 2.12: Setup used for controlled temperature experiments. The picture shows the tensile machine, the fluid
circuit (including the heating circulator) and a sample mounted in the temperature cell with the extensometer
attached. Top left: detailed view of the extensometer when unmounted (the region of the extensometer corresponding
to the gauge length of the sample, where deformation is actually measured, is indicated by a curly bracket)
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Figure 2.13: Specimen geometry GL110, used in experiments at controlled temperature. All dimensions are given
in mm. The thickness is equal to 0.6 mm
certain point, start the circulator to fill up the cell with fluid and let it flow around
the sample. In this way, a “jump” in the thermal conditions of the experiment is
produced, either altering the temperature of the specimen or just as a result of the
different thermal properties of air and fluid.
2.2.1.3 High strain rate experiments
Dynamic tensile tests are performed to increase the range at which strain rate
sensitivity is studied in chapter 5 up to high strain rates.
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Experiments at strain rates ranging from (approximately) 400 up to 1000 s−1 are
performed using the Split Hopkinson Tensile Bar (SHTB) setup at Ghent University
[31], shown in figure 2.14 (it is however possible to reach higher speeds in this
setup, up to strain rates of approximately 2000 s−1).
Figure 2.14: Split Hopkinson Tensile Bar (SHTB) setup at Ghent University
The setup consists of two long bars made of aluminum (an input bar of 6 m and
an output bar of 3.15 m, both with a diameter of 25 mm), between which a dog-bone
shaped specimen is glued. A tube-like impactor is placed around the input bar and
is accelerated towards an anvil at the outer end of the bar by the impact of a fork,
generating an incident wave, as shown in the diagram of figure 2.15. The incident
wave interacts with the specimen and generates a reflected and a transmitted wave,
which are measured with strain gauges in the input and output bars (see figure 2.16
and section A.2).
The strain histories corresponding to these three waves, measured by strain
gauges on the bars, allow calculating the strain rate, strain and stress in the sample
during the test, using the relations given by Kolsky [32], as explained in section
A.2.
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Figure 2.15: Schematic diagram of SHTB setup: a pneumatic force impulses the fork, which hits the impactor.
The impactor is then accelerated towards the anvil of the input bar, generating an incident wave directed to the
specimen
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Figure 2.16: Lagrange diagram of a SHTB experiment, where the length of the input and output bars are,
respectively, 6 m and 3.2 m. The arrows indicate whether the wave is in tension or compression. The vertical green
lines indicate the placement of the strain gauges, in regions of the bars where only one wave is present at a time. See
also figure A.3
The particular geometry of the specimen, shown in figure 2.17, guarantees an
acceptable homogeneity of strain along the gauge length, as discussed in [33, 34].
2.2.1.4 Tensile tests with extruded bar samples
Experiments performed at quasi-static and dynamic strain rates using round speci-
mens, obtained from an extruded bar, are used in chapter 6 for the validation of the
parameters for the polycrystal model of Ti-6Al-4V. These experiments are studied
in detail in [8] and [27].
Quasi-static tests are performed in the same servo-hydraulic tensile machine
as the experiments described in section 2.2.1, while dynamic tests are performed
in the SHTB setup at Ghent University. Two slightly different geometries are used
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Figure 2.17: Geometry of the specimen used in the Hopkinson bar setup, discussed in [34]. All dimensions are
given in mm. The thickness is equal to 0.6 mm. This specimen will be referred as GL5, in reference to its gauge
length.
depending on whether the longitudinal direction of the specimen coincides with
the longitudinal direction (LD) or the transversal direction (TD) of the original bar,
due to manufacturing constraints (the specimens in the transversal direction are
manufactured using friction welding [8]), as shown in figure 2.18.
In order to use the LD and TD specimens in the quasi-static tensile machine
and measure strain with a normal extensometer, the specimens are mounted in
aluminum bars and the measured strain is corrected to account for the deformation
of the whole specimen, and not only the gauge length, as described in [27].
2.2.2 Shear test
Shear testing is another technique that can be used to determine the mechanical
properties of materials. In spite of being a non-standard testing method, it has the
benefit, when compared to tensile tests, that it allows to obtain accurate data for
much higher levels of strain. For this reason, it is used in chapter 6 for the validation
of the Ti-6Al-4V polycrystal model.
The experimental data used for this work corresponds to experiments previously
performed in the framework of Jan Peirs’s PhD thesis [27]. These tests have the
particularity of using a novel shear testing specimen, with the geometry shown in
figure 2.19, specially developed for the testing of this specific alloy. The geometry
is characterised by the eccentric position of the notches, which leads to a state of
almost pure shear stress up to high levels of deformation.
Experiments are performed with the same machines than the tensile tests. Static
tests are performed in an Instron machine with the help of aluminum bars to hold
the specimen, while dynamic ones are carried out in the SHB setup. Full-field
accurate strain measurements are obtained using DIC (video is recorded by a Phtron
APX-RS camera, with ilumination provided by two Dedocool lights, and the data is
processed with the MatchID software; more details can be found in [27]).
S TAT E O F T H E A R T 2-17
Figure 2.18: Tensile specimen obtained from extruded bar in the longitudinal direction (LD) and transveral
direction (TD): a) LD specimen geometry. b) TD specimen geometry. c) Fabrication of TD specimen welding three
cubes together. d) Finished TD specimen. e) Optical microscope picture of the friction weld. More details about this
experimental framework can be found in [27] and [8]
Figure 2.19: Shear specimen geometry (discussed in [27]). All dimensions are given in mm
2.2.3 Texture analysis
A detailed insight into the evolution of the texture of the material during deformation
is essential for modelling its behaviour at the polycrystal level (chapter 6). Scanning
Electron Microscopy (SEM), and in particular the Electron Back-Scatter Difraction
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(EBSD) technique is used in the present work to measure the crystallographic
texture of as-received material as well as deformed samples. The validity of the
results is also highly influenced by the procedure followed for sample preparation.
2.2.3.1 Sample preparation
The particular properties of Ti-6Al-4V impose some special requirements dur-
ing practically all the steps of the preparation of metallographic samples, when
compared to more common materials such as steel.
During cutting, due to the high ductility of the material, special silicon carbide
cut-off wheels have to be used to avoid heat damage. After mounting the sample, it
is grinded and polished, using diamond paste of 3 and 1µm and an OP-S (active
oxide) suspension on water mixed with hydrogen peroxide. Another method used to
achieve a good finish of the sample surface is electro-polishing, performed with the
parameters recommended by Struers for titanium. Finally, the samples are etched
using Kroll’s reagent [35].
2.2.3.2 Scanning Electron Microscopy (SEM)
Scanning electron microscopy is a very powerful technique to study material sur-
faces with a higher magnification and depth of focus than optical microscopy. When
a primary electron beam (PE) is irradiated on a specimen surface, interactions
between the electron beam and the atoms composing the specimen produce vari-
ous kinds of information. The secondary electrons (SE), backscattered electrons
(BSE) and X-rays are the most used sources of information for characterisation of
respectively surface topography, composition and elemental analysis.
2.2.3.3 Electron Back-Scatter Difraction (EBSD)
The BSE electrons can also be used to acquire crystal orientation maps with the
Electron Backscatter Diffraction (EBSD) technique, also known as Backscatter
Kikuchi Diffraction (BKD).
Figure 2.20 shows the main components of SEM used for the EBSD technique.
In EBSD, a stationary electron beam strikes a tilted crystalline sample and the
diffracted electrons form a pattern on a fluorescent screen. This pattern is character-
istic of the crystal structure and orientation of the sample region from which it was
generated. The diffraction pattern can be used to measure the crystal orientation,
grain boundary misorientations and morphology, and provides information about
local crystalline perfection.
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Figure 2.20: EBSD components
2.3 Modelling of plastic deformation
The goal of a mechanical material model is to predict the response of a material
or a structure made of it under arbitrary loading conditions. Using modelling
techniques, mechanical processes can be simulated and analysed in detail in a
computer, making it unnecessary to perform experiments that are expensive, time
consuming or, sometimes, just impossible. Several models have been developed
by the scientific and engineering community. The choice of one or another usually
involves to make a compromise between desired accuracy, range of application and
computational cost.
In this section, the different models that are used in the following chapters
are introduced. First, two basic plasticity models are presented. Both of them are
phenomenological models, in which the material is represented by a few numerical
parameters, and both work at the macroscopic level. The Voce law, in section 2.3.1,
is a simple hardening law that defines yield stress as a function of accumulated
deformation. The Johnson-Cook model, presented in section 2.3.2, uses two extra
material parameters in order to account for the effect of temperature and strain
rate. Most of the chapter is dedicated to the Visco Plastic Self Consistent (VPSC)
model. The VPSC model is a polycrystal model that works at different scales,
using a self-consistent scheme based on the relationship between the response of
individual grains and the response of the polycrystal composed by those grains. The
VPSC model is orders of magnitude more complicated than the Voce law or the
Johnson-Cook model, but it is also much more powerful. It does not only simulate
the mechanical behaviour of the material in basis to its crystallographic texture,
but also the evolution of said texture with deformation. This aspect is particularly
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important in processes where deformations are very large, as for example in forming
processes. The theory behind the VPSC model is presented in section 2.3.3. Finally,
the Finite Element Modelling (FEM) technique (which is used in combination with
the other models in further chapters), is briefly introduced in section 2.3.4.
2.3.1 Voce law
The Voce law [36] is a hardening law, that gives a phenomenological expression for
the plastic flow of the material. The law is defined as a simple relationship between
strain ε and sustained stress σ. The hardening effect produced by the accumulation
of deformation is taken into account, but the law is independent of any other factors,
such as temperature or strain rate.
In the simplest form of the Voce law (there is also an extended form, that is
treated in section 2.3.3.2), the plastic flow of the material is determined by three
parameters A, B and n, such that:
σ (ε) = A− (A−B) exp(−nε) (2.1)
where ε is the true plastic strain and σ(ε) the true stress.
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Figure 2.21: Influence of different parameter values in the shape of the curve defined by the Voce law (2.1)
Figure 2.21 shows how different values of the parameters of the Voce law influ-
ence the shape of the strain-stress curve obtained. Although these parameters are of
a phenomenological nature, they can be expressed directly in terms of fundamental
tensile properties. The yield stress, σy, corresponding to the stress when plastic
strain is zero, and the ultimate tensile strength, σu, reached at the point of maximum
uniform strain εu, define values for the A and B parameters such that:
σ(0) = B ⇒ B = σy
σ(εu) = A− (A−B) exp(−nεu)⇒ A = σy exp(−nεu)− σu
exp(−nεu)− 1
(2.2)
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2.3.2 Johnson-Cook model
One of the models more widely used to describe the hardening behaviour of metals
is the Johnson-Cook plastic flow model [37]. Since it takes into account strain rate
hardening and thermal softening, it is specially well suited for the modelling of
dynamic deformation processes.
The Johnson-Cook model is of a phenomenological nature, using a few param-
eters that have to be fitted, normally using some reference experiments. Despite
its simplicity, the model can successfully predict the behaviour of many metals
for a wide range of loading conditions, including high strain rates and extreme
temperatures.
The model uses three parameters (A, B and n) to describe the plastic flow of
the material at reference values of strain rate and temperature (ε˙0 and Tr) and two
additional parameters that determine the sensitivity of the materials to variations of
strain rate (C) and temperature (m). The complete model takes the form:
σ = σ0(εp) · kε˙(ε˙) · kT (T ) =
=
[
A+Bεnp
] [
1 + C ln
ε˙
ε˙0
] [
1−
(
T − Tr
Tm − Tr
)m] (2.3)
Strain rate sensitivity and thermal softening are taken into account by multi-
plying the stress value corresponding to reference conditions of strain rate and
temperature, σ0(εp), by the strain rate sensitivity factor kε˙ and the temperature sen-
sitivity kT . Figure 2.22 shows how different values of k can affect the tensile curve
predicted by the model, as well as the influence of the A, B and n parameters. It is
important to note that both strain rate and temperature sensitivity are independent
of strain. Although it has been argued that this multiplicative decomposition is not
accurate for wide ranges of test conditions [13], the Johnson-Cook model has been
successfully used for the simulation of many real processes [27, 38, 39], provided
the parameters A, B, n, C and m are adequately fitted.
In the same way that the parameters of the Voce law can be adjusted to represent
real mechanical properties, the same operation can be performed with the parameters
of the Johnson-Cook model. If σy, σu and εu are, respectively, the yield stress,
ultimate tensile strength and maximum uniform strain at the reference conditions
of strain rate and temperature, the parameters of the model come given by the
expressions:
σ(0) = A⇒ A = σy
σ(εu) = A+Bε
n
u ⇒ B =
σu − σy
εnu
(2.4)
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Figure 2.22: Influence of different parameter values in the shape of the tensile curve predicted by the
Johnson-Cook model. Strain rate and temperature sensitivity are considered multiplying the reference curve σ0(ε)
by a constant k independent of strain
2.3.3 Viscoplastic self-consistent model (VPSC)
Polycrystal models aim to describe the behaviour of a polycrystal based on the
behaviour of the individual grains and the material texture. The model has to account
for the effect of texture on its mechanical behaviour and predict the evolution of
texture when the material is deformed.
This section starts with a brief introduction to VPSC, and polycrystal models in
general, to continue with the formulation of the VPSC model.
2.3.3.1 Introduction to VPSC
It is well known that the mechanical behaviour of a polycrystalline material and
its microstructure are strongly correlated. Indeed, the anisotropy of the mechanical
properties of a polycrystal is a direct consequence of the anisotropy of the properties
of each of its grains and its crystallographic texture. Moreover, the reorientation
of the grains during deformation of the polycrystal results in texture changes.
Therefore, accurate models to simulate deformation of polycrystalline materials,
including large deformations (such as those found in forming processes), not only
need to describe the mechanical response of the material based on its texture, but
also to predict how texture evolves with deformation. With this goal, several crystal
plasticity based models have been proposed.
The simplest polycrystalline models are the Static model by Sachs [40] and the
Full Constraints model by Taylor [41]. These models establish a simple relation
between the macroscopic mechanical magnitudes in the polycrystal and the corre-
sponding microscopic magnitudes at grain level. The Sachs model imposes stress
equilibrium across the grains (i.e. the stress in each grain is equal to the stress in the
polycrystal) at the expense of strain compatibility, while the Taylor model enforces
a homogeneous strain sacrificing stress equilibrium.
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In self-consistent models, neither strains nor stresses are imposed on the grains.
Instead, each grain is considered as an inclusion, embedded in a homogeneous
medium with the properties of the polycrystal. In the VPSC model (VPSC stands
for Visco Plastic Self Consistent) [42], the relation between macroscopic and micro-
scopic mechanical magnitudes is given by the solution of the equivalent inclusion
Eshelby problem in each grain and, through an iterative scheme, the polycrystal
stress and strain are enforced to coincide with the volumetric averages of said
quantities over the grains. Compared with the Sachs and Taylor models, VPSC is a
more time-consuming formulation. Solving the inclusion problem requires lengthy
calculations, and it has to be solved a considerable number of times due to the
iterative nature of the method.
Other models that take different approaches to crystal plasticity have been
proposed. Crystal Plasticity Finite Element Modelling (CPFEM) [43–46] takes the
finite element method to crystal level, requiring a mesh to represent an aggregate
of grains with specific shapes, orientations and neighborhood. These models give
accurate results with intragranular resolution but, since the number of elements in
the problem grows with the number of grains considered, they become extremely
computationally expensive for the solution of complex problems at the macroscopic
level. The recent Fast Fourier Transform (FFT) based method [47, 48] can achieve
better performance than CPFEM, using an efficient algorithm to solve the full-
field crystal plasticity problem in periodic unit cells. Other models, such as GIA
[49, 50] and LAMEL/ALAMEL [51, 52], achieve relatively high efficiency taking
into account grain interaction effects, which are easier to compute than in a self-
consistent scheme.
Some of these models are more efficient than VPSC, or give more accurate
results, either in general or for specific applications. However, some of them are
limited in terms of the kind of problems that they can solve, or still lack the maturity
needed to be used in many engineering applications. On the other hand, VPSC has
a good combination of generality, maturity and accuracy.
The self consistent approach to plastic deformation of polycrystals was initially
proposed by Molinari et al in 1987 [53], based on the work by Hutchinson [54].
However, in the original formulation, the behaviour of the medium (the polycrystal)
was considered isotropic, and therefore part of the anisotropic character of the grain-
medium interaction was not taken into account. Lebensohn and Tome´ developed,
in 1993, a new model based on Molinari et al’s work in which the anisotropic
behaviour of the matrix was taken into account in a self-consistent scheme [42] and
implemented this model as a FORTRAN 77 program.
Several improvements were added to the initial VPSC model for a more accurate
description of experimental observations, such as reorientation by twinning using a
VFT (Volume Fraction Transfer) scheme [55, 56], strain hardening — first using a
generalisation of the Voce law [57] and later also an MTS (Mechanical Threshold
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Stress) model [58] — and a second-order formulation which takes into account
statistical field fluctuations [59, 60].
The VPSC model and its numerical implementation by Lebensohn and Tome´
(whose latest version is denoted VPSC7 in what follows) has successfully been
used to predict the mechanical behavior and texture development of different metals,
such as the deformation of zirconium alloys [42], rolling of anisotropic materials
[55], texture development of aluminium and titanium alloys [61–63] and also the
deformation of ice and other geologic aggregates [64, 65], just to mention some of
its applications.
Lately, many efforts have been devoted to integrate the VPSC formulation
with FEM. Using finite element methods, it is possible to tackle more complicated
problems, either in terms of geometry or loading conditions (and loading history)
imposed, reducing the macroscopic continuous problem into much easier to solve
incremental problems in the integration points of each element in a discrete mesh.
However, the integration of VPSC with FEM presents two important challenges
related to the need of integrating elastic behaviour in the model and the already
high computational requirements of existing VPSC implementations, that can make
its usage in FEM packages impractical. Indeed, the VPSC problem has to be solved
in every integration point each time step, often more than once as a result of the
iterative method used to solve the FE problem. Nevertheless, VPSC has been used
in conjunction with Abaqus/Standard for the texture prediction of α-uranium [66]
and zirconium alloys [67], and with Abaqus/Explicit to simulate the hot rolling of
magnesium alloys [68].
In what follows, the formulation of the VPSC model is presented. First, the
viscoplastic model for a single grain is introduced. Then, it is shown how said model
is combined with texture to describe the behaviour of a polycrystalline material.
Finally, the polycrystal model is expanded to take into account elastic deformation.
The notation used to describe the model is given in table 2.I.
2.3.3.2 Viscoplastic grain model
A grain is described as a single crystal with a given shape and orientation. The
goal of the grain model is to describe the relation between grain deformation and
imposed loads. The mechanical regime is assumed viscoplastic, so the model will
take the form of a constitutive equation that correlates stress with strain rate. The
constitutive equation is obtained considering that total deformation is the result of
the accumulation of shear in each of the active slip and twinning systems of the
crystal. Deformation by slip also determines the evolution of shape and orientation
of the grain, by means of kinematic equations. Reorientation of grains by twinning
is determined by the activity systems too, but it requires a more elaborated scheme
which takes into account all the grains of the polycrystal to determine if a grain
must be reoriented or not.
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Symbol Value
Slip plane γ˙s, γ˙0 Shear rate and shear rate normalisation factor
ms, qs Symmetric and skew symmetric components of
Schmid tensor
τs, τ cs Resolved shear stress and critical resolved shear stress
τ0s , τ1s , θ0s , θ1s Voce law parameters
hss′ Latent hardening coefficients
Grain wg Volumetric fraction
Xg , xg , ug Initial coordinates, final coordinates and displacement
Lg , Fg Velocity gradient and deformation gradient tensors
σg , ε˙g , ωg Stress, strain rate and rotation rate
σ˜g , ˙˜εg Difference with macroscopic stress and strain rate
Mg , ε˙0g Plastic compliance and back-extrapolated strain rate
Sg , Πg Symmetric and skew symmetric Eshelby tensors
Bg , bg Localisation tensor and back-extrapolated stress
M˜g Interaction tensor
Γg Accumulated shear
Cg Stiffness
Polycrystal ε, εel, εpl Total, elastic and plastic strain
σ, ε˙, ω Stress, strain rate and rotation rate
M , ε˙0 Plastic compliance and back-extrapolated strain rate
L Average velocity gradient
S, Π Symmetric and skew symmetric Eshelby tensors
M˜ Interaction tensor
C Stiffness
Operations a ⊗ b Vector outer product: (a⊗ b)ij = aibj
〈ag〉 Weighted average over grains: 〈ag〉 =∑g wgag
Table 2.I: Notation used for the description of the model
Kinematics of grain deformation by slip Deformation of a grain is charac-
terised by its deformation gradient tensor Fg and the velocity gradient tensor Lg
(see, for example, [69]). If the initial coordinates of a point in the grain are rep-
resented by vector Xg and the corresponding final coordinates by xg (see figure
2.23), the deformation gradient tensor is the tensor with the property dxg = FgdXg ,
while the velocity gradient tensor is obtained as the gradient of the time derivative
of the displacement ug = xg −Xg, so that Lg = ∇u˙g. It can also be shown that
the deformation and velocity gradient tensors obey the relation:
F˙g = LgFg (2.5)
The velocity gradient tensor Lg, obtained as the superposition of shear rates
in all the active slip planes, can be decompossed in a strain rate component ε˙g
(symmetric) and a spin or rotation rate component ωg (skew-symmetric). Defining
the Schmid tensor of a slip plane as the outer product of the Burgers and normal
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Figure 2.23: Initial and final coordinates in the grain,Xg and xg . The displacement vector ug is defined as the
difference between final and initial coordinates
vectors of the plane bs⊗ns (where the Burgers vector bs indicates the slip direction
on plane s, see figure 2.24) the velocity gradient tensor Lg can be expressed in
terms of the shear rates in the active slip planes γ˙s as:
Lg = ε˙g + ωg =
∑
s
msγ˙s +
∑
s
qsγ˙s (2.6)
where ms and qs are, respectively, the symmetric and skew symmetric components
of the Schmid tensor.
ns 
bs 
y 
x 
z 
Figure 2.24: Deformation by slip in a plane with normal ns along the direction given by the Burgers vector bs
Constitutive equation: strain-rate sensitivity approach and linearisation The
behaviour of a single grain is described using the strain-rate sensitivity approach
[70], which establishes a direct relationship between average stress and strain-rate
in the grain in the form of a non-linear continuous equation. For each of the slip
and twinning systems of the material, the shear rate is defined as:
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γ˙s = γ˙0
( |τs|
τ cs
)n
sgn(τs) =
= γ˙0
( |msσg|
τ cs
)n
sgn(msσg)
(2.7)
where n is the strain rate sensitivity exponent associated to the corresponding
deformation mode. Although this exponent can be treated as a mere numerical
artifact, it is in fact correlated to the strain rate sensitivity of the material, and can be
approximated as the inverse of the strain-rate sensitivity coefficient of the material
measured experimentally (n = 1/m). Since n is usually a large value, the shear rate
given by the strain-rate sensitivity approach is negligible unless the resolved shear
stress τs is close to the critical value τ cs , approximating the result of the Schmid law.
This law states that a slip system is active if the resolved shear stress τs reaches a
critical threshold value τ cs , that it can never exceed:
τs < τ
c
s ⇒ s is inactive
τs = τ
c
s ⇒ s is active
τs 6> τ cs
(2.8)
Considering (2.7) and that, as seen in (2.6), ε˙g =
∑
smsγ˙s, the constitutive
equation that relates strain rate with stress takes the form:
ε˙g = γ˙0
∑
s
ms
( |msσg|
τ cs
)n
sgn(msσg) (2.9)
Since the constitutive equation (2.9) given by the rate-sensitivity approach is non-
linear, it is also useful to define the constitutive equation in a linear (approximate)
form, such that:
ε˙g = Mgσg + ε˙0g (2.10)
Different linearisation schemes can be applied (tangent, secant, affine, ...) [60]. In
the particular case of problems with mixed strain rate sensitivity exponents (i.e.
where n varies from one deformation mode to another), the affine linearisation [71]
has to be used. In this scheme, the compliance tensor M affg is obtained deriving
the non-linear constitutive equation (2.9), while the back-extrapolated term ε˙aff0g is
obtained from the actual strain rate value given by the equation:
M affg =
dε˙g
dσg
= nγ˙0
∑
s
msms
τ cs
(
msσg
τ cs
)n−1
ε˙aff0g = ε˙g −M affg σg = (1− n)ε˙g
(2.11)
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Hardening law The value of τ cs is usually not constant, but varies with the accu-
mulated shear. The hardening amount is determined by a hardening law.
In [57], a generalisation of the Voce law is presented which, at difference of
(2.1), allows an asymptotic hardening rate at large strains. This phenomenological
expression is used in VPSC to obtain the critical resolved shear stress in each
plane τ cs as a function of accumulated shear in the grain Γg =
∑
s |γs| and four
parameters τ0s , τ
1
s , θ
0
s and θ
1
s (see figure 2.25):
τ cs (Γg) = τ
0
s + (τ
1
s + θ
1
sΓg)
{
1− exp
(
−Γg|θ
0
s |
τ1s
)}
(2.12)
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Figure 2.25: Critical resolved shear stress τcs of plain s as a function of the accumulated shear in the grain Γg ,
as defined by the generalised Voce law.
In practice, the dislocations associated with activity in a plane s′ present an
obstacle to deformation in another plane s too, so latent hardening coefficients hss′
are introduced such that:
∆τ cs =
dτ cs
dΓg
∑
s′
hss′∆γs′ (2.13)
Other hardening laws take additional parameters into account, as is the case for the
Mechanical Threshold Stress model (MTS) [58], in which the critical shear stress
depends on strain rate, accumulated strain and temperature.
Grain shape and rotation The grain model is completed by the kinematic equa-
tions that determine the evolution of shape and orientation in the grain. Using its
polar decomposition, the deformation gradient tensor Fg defined in page 2-25 can
be represented as a plastic stretch F 0g , which deforms the grain without reorienting
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it, followed by a rigid rotation Rg, which transforms from initial to final crystal
axes:
Fg = RgF
0
g (2.14)
Defining L0g as the velocity gradient tensor in initial crystal axes — with symmetric
and skew symmetric components ε˙0g and ω
0
g — and considering a relation similar
to (2.5) such that F˙ 0g = L
0
gF
0
g , the strain and rotation rates in the grain can be
expressed as:
ε˙g = R
T
g ε˙
0
gRg
ωg = R
T
g ω
0
gRg + R˙gR
T
g
(2.15)
In order to determine the new crystal axes of the deformed grain, the rotation rate of
the grain is substituted in (2.15) to obtain the time derivative of the rotation matrix
Rg:
R˙g = (ωg −RTg ω0gRg)Rg (2.16)
and, making use of the Rodrigues formula [72], R˙g∆t is used to calculate the new
orientation of the grain after a time increment ∆t.
Finally, the deformation gradient tensor Fg , obtained by means of (2.5), is used
to obtain the new dimensions and orientation of the ellipsoid corresponding to the
principal directions in the grain. Indeed, if it is assumed that the grain is an ellipsoid,
the axes length will come given by the eigenvalues of the tensor FgFTg , while the
eigenvectors indicate the orientations of said axes.
2.3.3.3 Viscoplastic polycrystal model
Polycrystal models provide a link between macroscopic response and microstructure.
The aggregate is modelled as a collection of crystal orientations with associated
volume fractions chosen to reproduce the texture. Aggregate properties are given by
averages performed over the grains. Anisotropy follows from texture and averaging
procedure.
The polycrystal model is obtained expanding the grain model with two addi-
tional concepts: a micro-macro connection and an interaction law. Both of expres-
sions correlate grain magnitudes and polycrystal ones. In chapter 3, it is shown how
they are combined to find a self-consistent solution to the problem using an iterative
scheme.
Texture representation The Orientation Distribution Function (ODF) gives the
density of grains (volume fraction) having a particular orientation. Each different
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orientation is defined by the three Euler angles ϕ1, Φ and ϕ2, that describe the
orientation of crystal axes xcyczc with respect to sample axes xyz, as shown in
figure 2.26.
𝜑1 
y 
x 
z‘ = z 
x' 
y' 
Φ 
y' 
z' 
y'' z'' 
𝜑2 
y'' 
x'' 
xc 
yc 
zc = z'' 
x'' = x' 
1st 2nd 3rd 
Figure 2.26: The three Euler angles ϕ1, Φ and ϕ2 define the orientation of the grain as three consecutive
rotations: first, ϕ1 around axis z; second, Φ around axis x (now, x′); and third, ϕ2 again around axis z (now, z′′)
Micro-macro connection The micro-macro connection is one of the two con-
ditions that grain and polycrystal must fulfill to be in a self-consistent state.This
condition states that the values of stress and strain rate in the polycrystal are the
volumetric averages of the corresponding grain magnitudes:
ε˙ = 〈ε˙g〉 =
∑
g
wg ε˙g
σ = 〈σg〉 =
∑
g
wgσg
(2.17)
where wg is the volumetric fraction of grain g.
Grain – polycrystal interaction and macroscopic constitutive equation The
other condition needed for self-consistency is given by the assumption that each
grain behaves like a heterogeneous inclusion in a homogeneous medium with the
properties of the polycrystal. As stated by the Eshelby result [73], strain rate and
stress are constant inside the inclusion, although different from that of the medium.
In order to determine the deviation of grain strain rate and stress with respect to
the medium, ˙˜εg and σ˜g , the inclusion Eshelby problem is solved for each grain using
the concept of equivalent inclusion [74]. As explained in appendix B, where a more
detailed treatment of the Eshelby problem and its solution in VPSC is presented,
the heterogeneous inclusion is substituted with an equivalent homogeneous one that
has the same properties of the medium. This homogeneous inclusion is assumed to
undergo the same stress σg than the heteregeneous inclusion, as consequence of a
fictitious strain rate ε˙∗g . Eventually, the solution of this problem takes the form of a
symmetric Eshelby tensor Sg that defines the difference of strain rate in the grain
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and the polycrystal as a function of the strain rate in the equivalent inclusion (and a
skew-symmetric tensor Πg , that defines the difference on rotation rates) [42]:
˙˜εg = ε˙g − ε˙ = Sg ε˙∗g
ω˜g = ωg − ω = Πg ε˙∗g
(2.18)
If it is assumed that the polycrystal behaviour can be expressed by means of a
(linear) macroscopic constitutive equation similar to (2.10):
ε˙ = Mσ + ε˙0 (2.19)
then, the strain rate in the equivalent inclusion is defined as:
ε˙∗g = Mσg + ε˙0 (2.20)
and, combining (2.18) and (2.20), the result of the Eshelby problem can be expressed
as a direct relation between polycrystal and grain magnitudes. Indeed, defining the
interaction tensor M˜g as:
M˜g = (I − Sg)−1SgM (2.21)
the deviations of strain rate and stress of the grain with respect to the polycrystal
are related by the following interaction equation:
˙˜εg = −M˜gσ˜g ⇒ ε˙− ε˙g = −M˜g(σ − σg) (2.22)
The aforementioned model requires to solve the Eshelby problem (which is a very
expensive computation) a number of times proportional to the number of grains.
However, since the solution of the problem depends only on the shape of the
inclusion, the computational cost can be significantly reduced – at the expense of
some accuracy – if it is assumed that all the grains have the same shape, derived
from an averaged velocity gradient tensor L = 〈Lg〉 (see section 2.3.3.2). With this
additional constraint, only one set of Eshelby and interaction tensors common to all
the grains needs to be calculated:
Sg = S; Πg = Π; M˜g = M˜ ∀g (2.23)
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Localisation equations The macroscopic compliance tensor M and the back-
extrapolated term ε˙0 from (2.19) can be obtained expressing the interaction between
grain and polycrystal in the form of a localisation equation, that gives a direct
relationship between grain and polycrystal stresses, such that:
σg = Bgσ + bg (2.24)
where the localisation tensors Bg and bg are defined:
Bg = (Mg + M˜g)
−1(M + M˜g)
bg = (Mg + M˜g)
−1(ε˙0 − ε˙0g)
(2.25)
Then, using the stress value given by (2.24) and the micro-macro connection (2.17),
the macroscopic plastic compliance M and the back-extrapolated term ε˙0 can be
expressed in terms of the localisation tensors and the grain compliance tensor. In
the most general case, when the individual shape of each grain is taken into account,
the plastic moduli are expressed as:
M = 〈MgBg〉〈Bg〉−1
ε˙0 = 〈Mgbb + ε˙0g〉 − 〈MgBg〉〈Bg〉−1〈bg〉
(2.26)
Evolution of texture in the polycrystal Rotation of the polycrystal is calculated
explicitly at the end of each increment based on the rotation of the individual grains
as explained in page 2-28. In order to capture the influence of the rotation of a grain
on its neighbour grains, co-rotation effects can also be considered in the model.
Co-rotational effects are taken into account in VPSC assigning to every grain a
given number of neighbours (randomly chosen grains) and imposing the condition
that the spin of the grain (defined as ω−ωg) is equal to the average of the spin over
all its neighbours. Using this procedure, two grains with the same initial orientation
are reoriented differently [61]. The introduction of a certain degree of randomness
in the output can improve the realism of the simulated results.
Grains are also reoriented if the twinning fraction reaches a critical value. A
semi-random scheme is used, in which the grains are scanned in random order and
reoriented in basis to the total twinning fraction of the polycrystal and the twinning
fraction in the grain. This procedure, known as the Predominant Twin-Reorientation
Scheme, or PTR, is explained in detail in [75].
2.3.3.4 Elasto-viscoplastic polycrystal model
Elastic deformation is included in the model at the macroscopic level, considering
a polycrystal elastic stiffness represented by the tensor C (as proposed in [76]).
In order to find the value of this tensor, the problem of an elastic inclusion in a
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homogeneous medium is considered, making a reasoning similar to the one made
for the viscoplastic problem considered in page 2-30 [42].
The solution of the elastic inclusion problem is given in the form of a symmetric
Eshelby tensor Sel. This Eshelby tensor is used to find the interaction stiffness C˜g
(or C˜ if it is assumed that all the grains have the same shape) as a function of
the macroscopic stiffness C, while the stiffness C is defined as a function of the
interaction and grain stiffness tensors C˜g and Cg such that:
C˜g = C(S
−1
el − I)
C = 〈Cg(Cg + C˜g)−1〉(C + C˜g)
(2.27)
After finding a self-consistent value forC by means of an iterative method, this value
is used to obtain the elastic strain increment ∆εel corresponding to an increment
of stress ∆σ. Adding the plastic strain contribution ε˙∆t using the strain rate
given by the viscoplastic model, the elasto-viscoplastic constitutive equation of the
polycrystal takes the form:
∆ε = ∆εel + ∆εpl = C
−1∆σ + ∆tε˙ (2.28)
or, considering the linearisation of the viscoplastic constitutive equation defined in
(2.19):
∆ε =
(
C−1 + ∆tM
)
∆σ + ε˙0g∆t (2.29)
The Jacobian of the constitutive law (2.29) is therefore given by the expression:
J =
∂∆ε
∂∆σ
= C−1 + ∆tM (2.30)
2.3.3.5 Self-consistent scheme
The goal of a self-consistent model is to determine the unkown magnitudes of the
model such that the boundary conditions imposed and all the equations of the model
are satisfied.
An implementation of the VPSC model will find the result using an iterative
procedure, based on some numerical method. The canonical implementation by
Lebehnson and Tome´, VPSC7 [77], uses a Newton-Raphson method to solve the
interaction equation (2.22) and an iterative method to find the self-consistent com-
pliance in each of the iterations of an outer method which minimises the error in
the micro-macro connection (2.17). In the elasto-plastic model implemented by
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Segurado et al. as a user material model for Abaqus/Standard (see next section), the
original VPSC7 code is used to solve a plastic problem in each of the iterations of
a Newton-Raphson method. This outer method is used to solve the macroscopic
elasto-viscoplastic constitutive equation (2.28).
In chapter 3, a novel and more direct method to solve the VPSC model is
presented. This method is better suited for its usage as a material model in finite
element software (see next section).
2.3.4 Finite Element Modelling (FEM)
The Finite Element Method (FEM) is a spatial modelling technique that allows to
simulate complex engineering problems applying a discretisation method.
The discretisation process consists in dividing the original domain of the prob-
lem, defined in the continuous space, in a series of elements that together give shape
to a mesh. Each time step, the boundary conditions of the problem are imposed
to nodes of this mesh and an iterative method, based on the numerical methods
developed by Galerkin [78], is used to find an equilibrium solution that minimises
an error function.
When applied to structural analysis problems, FEM allows to determine the
evolution of a mechanical system for some, practically arbitrary, loading history
and boundary conditions. The method can handle any material behaviour as long as
it can be defined by a constitutive law that establish a relationship between stress
and strain increments.
2.3.4.1 Abaqus/Standard and Abaqus/Explicit
FEM software packages provide several tools for the solution and analysis of
different problems (see, for example, figure 2.27). Abaqus is a powerful FEM
system, capable of solving a wide range of problems. It provides a general purpose
implicit solver, Abaqus/Standard, and an explicit solver for dynamic problems,
Abaqus/Explicit, as well as several tools directed to the solution of multiphysics
problems (including a fluid dynamics solver, Abaqus/CFD) and utilities to help in
the process of the definition of the problem (Abaqus/CAE) and post-processing
of the results (Abaqus/Viewer). Additionally, Abaqus can be extended by the user
with the help of different programming tools. Custom elements, material models, or
pre and post-processing steps can be completely defined and controlled by the user.
The first decision that needs to be made before starting an analysis with Abaqus
is which of the solvers provided, Abaqus/Standard or Abaqus/Explicit, is more suit-
able for the problem. In the implicit integration scheme implemented by Abaqus/-
Standard, the integration operator matrix must be inverted and a set of nonlinear
equilibrium equations must be solved at each time increment. In the explicit dy-
namic analysis of Abaqus/Explicit, on the other hand, displacements and velocities
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Figure 2.27: Examples of application of Abaqus to the study of different engineering problems
are calculated in terms of quantities that are known at the beginning of the incre-
ment. Therefore, the global mass and stiffness matrices do not need to be formed
and inverted. This means that each increment is relatively inexpensive compared
to the increments in an implicit integration scheme. However, the size of the time
increment in an explicit dynamic analysis is limited, because the central-difference
operator is only conditionally stable (depending on the time required for a stress
wave to cross the smallest element dimension in the model); whereas the implicit
operator is unconditionally stable and, thus, step size is only limited by the accuracy
desired.
In general, Abaqus/Standard is capable of solving both static problems and
dynamic problems, and is required for the study of strongly nonlinear problems.
However, Abaqus/Explicit is required when inertia effects are important. Addition-
ally, Abaqus/Explicit can be more convenient for the solution of large problems due
to its much higher efficiency, and provides heat transfer, acoustic, and annealing
analysis capabilities not available within Abaqus/Standard.
2.4 Polycrystal modelling of Ti-6Al-4V
As explained in section 2.1.3, the mechanical behaviour of Ti-6Al-4V is intrinsically
related with the microstructure of the material. Due to the hexagonal structure of
Ti-α, which accounts for the largest part of the material, a Ti-6Al-4V product with a
crystallographic texture shows a strongly anisotropic behaviour. For example, figure
2.28 shows two completely different results in the response of the material when
it is bended in two different directions [79]. Additionally, a mechanical model for
Ti-6Al-4V must be able to capture the high dependence of the material on strain rate
to be applicable to static and dynamic deformation. For certain processes (especially
non-isothermal ones), also temperature sensitivity must be considered.
Polycrystal models provide a description of plastic deformation which seems
adequate to model the complex behaviour of Ti-6Al-4V. Using crystal plasticity, it
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Figure 2.28: Effect of material texture on the response of Ti-6Al-4V to bending [79]: the post-mortem samples
(sample bended in the rolling direction at the top and sample bended in the transversal direction at the bottom) and
angle-stress curve (graph on the right) show that the behaviour of the material is highly anisotropic
should be possible to obtain a model capable of taking all the mentioned factors into
account, with the added benefit of predicting the evolution of texture. Furthermore,
a polycrystal model is more generally applicable than a phenomenological model.
While a phenomenological model is specific to a particular material product, a
polycrystal model is, at least in principle, independent of material texture. Never-
theless, for specific applications phenomenological models (for example, based on
the Hill’s theory) can yield better results than models based on crystal plasticity, at
the expense of a larger number of parameters [80].
Several researchers have attemped to model the behaviour of Ti-6Al-4V using
crystal plasticity. This is a difficult task, in part due to the intrinsic complexity of
the material, but also due to the intricacy of the models and the high number of
parameters involved. A careful combination of high quality experimental data and
numerical techniques is needed to achieve good results, and an extensive study is
needed to validate the obtained models. In fact, most of the studies with the highest
success are those in which modelling techniques are combined with advanced
experimental methods, as for example combining in-situ measurements of slip
systems activity with x-ray diffraction and an Elasto Plastic Self Consistent (EPSC)
model [81], or using experimental measurements of texture evolution and a elasto-
plastic model with an orthotropic yield criterium in finite element simulations
[82, 83].
One of the main difficulties lies in determining the features of the material
to consider in the model, such as the β phase or twinning deformation modes. In
general, most studies agree to neglect the influence of the Ti-β phase in plastic
deformation. On the other hand, the importance of twinning is a more controversial
topic and still remains an open question.
Twinning is important in pure alpha titanium (including secondary and ternary
twinning [84]), but it has been reported that it disappears when the aluminum content
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exceeds 4 % [85]. However, some of the latest studies on this subject have shown
that it may be an important deformation mechanism during tensile deformation at
high strain rates and, to a lesser extent, also during shear deformation [86–88].
The VPSC model is the model most used when twinning deformation modes
are taken into account. For example, in [89], slip and twinning parameters are
fitted using a combination of quasi-static and dynamic experiments. One interesting
conclusion of this study is that the VPSC model can reproduce the strain rate
sensitivity of the material. Other studies have focused on the evolution of texture
instead of mechanical behavour, and for that they have used severe deformation
experiments (Equal Channel Angular Extrusion, or ECAE) to fit a VPSC model, and
have shown that, for this kind of applications, it is indispensable to take twinning
into account [90, 91].
Other researchers have applied a different crystal plasticity modelling technique,
CPFEM, to the study of Ti-6Al-4V fatigue and creep processes. A good agreement
is obtained between experiments and simulations [92–96], but these models are
not practical for the realization of full scale simulations (as previously discussed in
section 2.3.3.1).
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3
Development and implementation of a
simplified algorithm for VPSC
Simplicity is the ultimate sophistication.
– Leonardo da Vinci
VPSC90 is a new implementation of the VPSC model developed in the frame-
work of this PhD. Its name makes reference to the programming language in
which it is programmed, Fortran 90 (previous implementations used FORTRAN
77). The foundations of VPSC90 are the VPSC model developed by Lebensohn
and Tome´ [1], presented in section 2.3.3, and the elasto-plastic formulation pro-
posed by Segurado et al. [2] (section 2.3.3.4). However, VPSC90 uses a novel
improved algorithm, presented in section 3.1. Section 3.2 gives further details about
its practical implementation, both as a standalone program and as a user material for
Abaqus/Standard. Finally, the results and performance of VPSC90 are compared
with previous implementations in section 3.3.
3.1 Algorithm
.
Section 2.3.3 shows how the VPSC model establishes a double relationship
between the mechanical state of a polycrystal and the mechanical state of the grains
that compose that polycrystal. On the one hand, the micro-macro connection in
(2.17) allows to calculate polycrystal stress and strain rate from grain magnitudes.
3-2 C H A P T E R 3
On the other hand, the interaction equation of each grain given by (2.22) correlates
grain and polycrystal magnitudes through an Eshelby problem. Additionally, the
mechanical state of the polycrystal must satisfy the macroscopic elasto-viscoplastic
constitutive equation (2.28), while each grain also has its own (viscoplastic) con-
stitutive equation (2.9).. All these equations together conform the self-consistent
scheme shown in figure 3.1. In order to solve this problem, an algorithm is used to
find a solution that fulfills all of these conditions at the same time.
Interaction (Eshelby) 
Micro-macro 
connection 
Grain magnitudes 
Polycrystal magnitudes 
Grain constitutive relation (VP) 
Macroscopic constitutive relation (EVP) 
 
𝜺 𝒈 = 𝛾 0 𝑚𝑠
𝑚𝑠𝝈𝒈
𝜏0
𝑐
𝑛
sgn 𝑚𝑠𝜎𝑔
𝑠
 
 𝜺  = 𝜺 𝒈 ; 𝝈 = 𝝈𝒈  
∆𝜀 = 𝐶−1 𝝈 − 𝜎0 + ∆𝑡 𝜺  
𝜺 − 𝜺 𝒈 = − 𝑴𝒈(𝝈 − 𝝈𝒈) 
Figure 3.1: Elasto-viscoplastic self-consistent problem: grain magnitudes must satisfy the microscopic
viscoplastic constitutive equation (2.9), and polycrystal magnitudes the macroscopic elasto-viscoplastic constitutive
equation (2.28); at the same time, grain and polycrystal are correlated by the micro-macro connection (2.17) and the
interaction law (2.22), which makes use of the solution of the Eshelby problem
The goal of the algorithm can be defined in simpler terms as finding the new
stress tensor of each of the grains of the polycrystal when subjected to an increment
of strain (section 3.1.1 explains how the proposed algorithm can be applied to the
solution of problems with more general boundary condtions). Once the stress of the
grains is determined, their strain rate can be trivially calculated with the constitutive
law (2.9), and the corresponding macroscopic magnitudes are directly obtained
using the micro-macro connection (2.17). In VPSC90, the Newton-Raphson method
is used to find the solution of stress in the grains that minimises the error in all the
equations that have to be fulfilled to guarantee a compliant self-consistent state in
the polycrystal (equations (2.17), (2.22) and (2.28)).
The errors corresponding to the macroscopic and grain equations take the form:
X = ∆εel + ∆εp −∆ε = C−1∆σ + ∆tε˙−∆ε
Xg = ε˙− ε˙g + M˜g(σ − σg)∀g
(3.1)
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In the Newton-Raphson algorithm, these errors are minimised using an iterative
scheme. Each iteration, the error values are calculated and, if its norm is above a
defined tolerance, the solution is corrected solving the following linear system:

∂X
∂σg1
∂X
∂σg2
· · · ∂X∂σgn
∂Xg1
∂σg1
∂Xg1
∂σg2
· · · ∂Xg1∂σgn
∂Xg2
∂σg1
∂Xg2
∂σg2
· · · ∂Xg2∂σgn
...
...
. . .
...
∂Xgn
∂σg1
∂Xgn
∂σg2
· · · ∂Xgn∂σgn


∆σg1
∆σg2
...
∆σgn
 = −

X
Xg1
Xg2
...
Xgn
 (3.2)
Using the linear polycrystal constitutive equation (2.29) and the Jacobian calculated
in (2.30), the correction of macroscopic stress can be obtained directly using only
the error of the macroscopic equation. Said stress correction also has to be equal to
the volumetric average of the stress correction in each of the grains, to be consistent
with condition (2.17):
∆σ = 〈∆σg〉 = J−1X =
(
C−1 + ∆tM
)−1
X (3.3)
Using the value of ∆σ calculated in (3.3), the system in (3.2) can be transformed
into small independent systems for each of the grains that directly give the correction
of stress in a grain g in basis to the error in its associated interaction equation, Xg ,
and the global error, X .
First, the derivative of the error in the interaction equation of grain g with respect
to the stress in grain h is calculated as:
∂Xg
∂σh
=
∂ε˙
∂σh
− ∂ε˙g
∂σh
+ M˜g
(
∂σ
∂σh
− ∂σg
∂σh
)
=
= whM − δghMg + M˜g (wh − δgh) =
= wh
(
M + M˜g
)
− δgh
(
Mg + M˜g
) (3.4)
where δgh is the Kronecker delta. Then, the correction of stress in grain g is given
by the system:
∑
h
∂Xg
∂σh
∆σh = −Xg (3.5)
with solution ∆σg such that:
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−Xg =
∑
h
[
wh(M + M˜g)− δgh(Mg + M˜g)
]
∆σh =
= (M + M˜g)〈∆σg〉 − (Mg + M˜g)∆σg ⇒
⇒∆σg = (Mg + M˜g)−1
[
Xg + (M + M˜g)〈∆σg〉
] (3.6)
Finally, using the definition of the localisation tensor Bg = (Mg + M˜g)−1(M +
M˜g) and the macroscopic stress correction calculated in (3.3), a direct correlation
between the stress correction in the grain and the error in the macroscopic and
interaction equations is found:
∆σg = (Mg + M˜g)
−1Xg +Bg∆σ =
= (Mg + M˜g)
−1Xg +Bg
(
C−1 + ∆tM
)−1
X
(3.7)
With equation (3.7), the problem is solved using the following algorithm, also
depicted in figure 3.2:
• Initially, if available, load previous state (including grain stresses and plastic
compliance) from previous step.
1. Use non-linear constitutive equation (2.9) and affine linearisation scheme
(2.11) to find strain rate and plastic compliance of each grain.
2. Using the plastic compliance tensor calculated in the previous iteration or
time step, or a first guess consisting in the average of the compliance tensors
of all the grains, solve the Eshelby problem (for each phase, or for each grain
if individual grain shapes are considered) and use the results to find new
interaction and localisation tensors of the grains with (2.21) and (2.25), and a
new guess of plastic compliance with (2.26). If the old and new values are
similar, the plastic compliance is self-consistent.
3. Calculate macroscopic stress and strain rate as weighted averages over the
grains using the micro-macro connection (2.17). Calculate also the inverse of
the Jacobian defined in (2.30).
4. Calculate the residual in the macroscopic constitutive equation and the inter-
action equation of each grain with (3.1).
5. If the residuals are larger than the desired tolerance or the plastic compliance
is not self-consistent, correct grain stresses using (3.7) and repeat from the
first step.
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• Once convergence is achieved, update material state (hardening, deformation,
shape, rotation, and so on) and save it. Then, continue to the next strain
increment.
𝜀 𝑔 = 𝛾 0 𝑚𝑠
𝑚𝑠𝜎𝑔
𝜏0
𝑐
𝑛
sgn 𝑚𝑠𝜎𝑔
𝑠
 
𝑋 ≈ 0; 𝑋𝑔 ≈ 0 
    𝑋𝑚 ≈ 0 
 𝜀  = 𝜀 𝑔  
𝐽−1 = (𝐶−1 + ∆𝑡 𝑀)−1 
𝑀 = 𝑀𝑔  𝑀 ≠ 0 
True 
False 
 𝑀𝑔 = (𝐼 − 𝑆𝑔) 
−1𝑆𝑔𝑀 
𝑀 = 𝑀′ 
𝑀′ =  𝑀𝑔 𝐵𝑔 𝐵𝑔
−1
 
𝐵𝑔 = (𝑀𝑔 +  𝑀𝑔) 
−1(𝑀 +  𝑀𝑔) 
𝑀𝑔 = 𝑛𝛾 0 
𝑚𝑠𝑚𝑠
𝜏0
𝑐
𝑚𝑠𝜎𝑔
𝜏0
𝑐
𝑛−1
𝑠
 
𝜎 = 𝜎𝑔  
𝑋𝑚 = 𝑀 −𝑀
′ 
∆𝜎𝑔 = 0 𝜎0, ∆𝜀, ∆𝑡 
𝜎𝑔= 𝜎𝑔+ ∆𝜎𝑔  
Load State 
∆𝜎𝑔= (𝑀 +𝑀 𝑔)
−1𝑋𝑔 − 𝐵𝑔  𝐽
−1𝑋 
𝑋 = 𝐶−1 𝜎 − 𝜎0 + ∆𝑡 𝜀 − ∆𝜀 
𝜎, 𝐽−1 
True False 
Save State 
Update State 
𝑋𝑔 = 𝜀 − 𝜀 𝑔 +  𝑀𝑔(𝜎 − 𝜎𝑔) 
 
𝑀 
Eshelby 
𝑆 
 
𝑤𝑖𝑡ℎ 𝑖𝑛𝑑𝑖𝑣𝑖𝑑𝑢𝑎𝑙
𝑔𝑟𝑎𝑖𝑛 𝑠ℎ𝑎𝑝𝑒:
𝑀𝑔  
Eshelby 
𝑆𝑔
 
Figure 3.2: Flowchart of the algorithm used in VPSC90 to solve a strain increment
In order to prevent entering an infinite loop if convergence is not reached, the
algorithm also stops, returning an error, if it reaches a maximum number of iterations
or the correction of stress is below tolerance for every grain (for simplicity, these
checks have been omitted from the flow diagram in figure 3.2).
Since material state is only updated at the end of an increment, the solution
obtained for material state is explicit, and therefore dependent on the size of time
steps. However, the solution obtained for stress is implicit. Therefore, the response
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of the model will be acceptable as long as the variables that define material state
(such as orientation, morphology and hardening state of each grain) evolve slowly
within the adopted time interval.
3.1.1 Arbitrary boundary conditions
The algorithm just presented solves the problem of determining the new stress
resulting from a known strain increment. With some modifications, the same method
can be adapted to the more general case of solving a problem defined with an
arbitrary combination of stress and strain boundary conditions (arbitrary as long
as the problem is well defined, with no extra degrees of freedom or uncompliant
conditions).
When stress boundary conditions are given, only some components of the strain
increment ∆ε in equation (2.28) are known a priori, and therefore neither the
residual X in equation (3.1) nor the correction of stress ∆σ in (3.3) can be directly
calculated. Instead, it is necessary to solve an additional system.
It is assumed, in what follows, that the error between the current strain tensor
and the strain boundary conditions is given by ∆εBC (the components of this tensor
for which no strain conditions are imposed will be zero). Analogously, ∆σBC is
defined as the error between current stress and stress boundary conditions. When
all the boundary conditions are given in strain magnitudes, the residual X is equal
to ∆εBC . However, in the general case, the deviation of stress from the desired
conditions must also be taken into account to calculate the residual. If the Jacobian
defined in (2.30) is used to calculate the correction of strain needed to satisfy the
stress boundary conditions, the general expression for the residual takes the form:
X = ∆εBC + J∆σBC (3.8)
The residual X is subsequently used to calculate the correction of grain stress
using equation (3.7). When the residual obtained in (3.8) is used here:
∆σ = J−1X = J−1∆εBC + ∆σBC (3.9)
In practice, it is necessary to calculate the residual to estimate the convergence
of the solution, so the unknown components of X and ∆σ are calculated solving a
single linear system after reordering the equations. A similar techinique is used by
VPSC7. However, although VPSC7 calculates the self-consistent elastic stiffness
tensor, it does not use it to calculate the Jacobian and solve this system.
Once the macroscopic residual and the corresponding correction of stress are
known, the rest of the algorithm proceeds as in the case of a strain increment.
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3.1.2 Comparison with VPSC7 and VPSC7-UMAT
VPSC7 was initially conceived as a purely plastic model [1, 3], so it did not take
elastic deformation into account. When the VPSC7 code was later integrated with
Abaqus/Standard [2] and it was needed to add elasticity to the model, Segurado
et al developed the elasto-viscoplastic formulation described in section 2.3.3.4.
The approach used to expand the model with the new elastic formulation was to
solve equation (2.28) using a Newton-Raphson method, in which, every step, a
new estimation and Jacobian are obtained using VPSC7 in strain control mode
(exclusively with strain boundary conditions).
This solution is not optimal from the point of view of performance, since
the number of times that the VPSC problem needs to be solved is multiplied by
the number of iterations needed to find the solution of the macroscopic elasto-
viscoplastic equation. The problem is aggravated because VPSC7 is already being
solved using several levels of embedded numeric methods [3]. A main iterative
method minimises the residual in the macroscopic plastic constitutive equation
(2.19). Each iteration of this method, the self-consistent compliance and grain
stresses are found using other iterative methods. While grain stresses are solved
applying a Newton-Raphson method to the interaction equation, the compliance
tensor is found solving repeatedly the Eshelby problem and calculating a new tensor
until a convergent value is found, with high computational cost.
When compared with VPSC90, the method used by VPSC7-UMAT is clearly
more inefficient. It does not only have to do many more operations for a similar
number of iterations (in particular, it needs to solve for every strain increment many
more Eshelby problems), but it can also lead to divergent solutions, due to the
instability introduced by the use of embedded numeric methods.
3.2 Implementation
The theoretical algorithm presented in the last section has been implemented in
practice with some modifications. The objective of these modifications is to improve
the convergence rate of the method, in order to guarantee that the solution of the
problem will be found and will be found as fast as possible 1.
The Newton-Raphson method is built on the assumption that the derivative
can be evaluated with sufficiently high precision for any guess. However, in the
case of the polycrystal model presented, the obtained Jacobian is not reliable in the
case in which the guess of grain stresses is a bad one. The Jacobian is calculated
using the plastic compliance, which could be non self-consistent in some iterations,
1However, the code is not optimised (code clarity has been considered a priority over performance).
The use of profiling to find optimum data structures and algorithms may result in considerable speed
gains
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specially in the region corresponding to the macroscopic onset of yielding, where
gradients are high. Additionally, the very high gradients in the non-linear equation
(2.7) makes difficult to find a solution using numeric methods. Indeed, a guess far
from the solution can make the method to diverge.
It also has to be noted that, since calculating a new value for the compliance
tensor requires to solve the Eshelby problem using a numerical method (once in
each phase, or in each grain if individual shapes are considered), it is, by far, the
most expensive step in the algorithm.
For these reasons, the algorithm from figure 3.2 has been slightly modified. The
general strategy consists in avoiding the calculation of the compliance tensor in
iterations for which the new value will not improve the current one. In practice,
a heuristic criterion based on empirical observations is used to determine if the
value will be good or bad. The compliance tensor is not calculated during iterations
in which the plastic deformation is negligible or if the solution of the problem
appears to be diverging. The calculation of the tensor is also avoided when it is
already self-consistent (Xm, defined as the norm of the difference between old and
new compliance tensors, is below tolerance). This procedure results in significant
performance improvements, because of the much lower number of times that the
Eshelby problem has to be solved. However, the compliance tensor is always
calculated when the global and grain residuals already converged, guarantying
that the value given in the solution is indeed self-consistent. The exact procedure
followed by VPSC90 can be seen in the source code in appendix C.
Other measures to improve the convergence of the method include the correction
of stress using the macroscopic and grain errors weighted relatively to the corre-
sponding residuals, and the use of a trust region instead of a plain Newton-Raphson
method. Eventually, the formula (3.7) takes the modified form:
∆σg = K
(
|Xg|√
|Xg|2+|X|2
(Mg + M˜g)
−1Xg+
+ |X|√|Xg|2+|X|2Bg
(
C−1 + ∆tM
)−1
X
) (3.10)
where K is a constant that depends on the convergence of the algorithm during
previous iterations.
All these modifications make the algorithm not only much faster (as shown in
the results section) but also much more robust. The behaviour of the model with
very small or very large step sizes is improved, and also when the material has very
high strain rate exponents. The latter is a particularly difficult problem due to the
very low and very high values obtained in equations (2.9) and (2.11), which can
easily go beyond the limits representable by the computer.
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3.2.1 Code structure and interface
The algorithm presented in the previous section has been implemented with the
aforementioned modifications as a set of Fortran 90 modules, with a strong emphasis
on simplicity and clarity. The code is type-safe and thread-safe 2 and makes use
of the LAPACK library for linear algebra subroutines (solution of linear systems,
inversion of matrices, extraction of eigenvectors and eigenvalues). An extract of
VPSC90 source code is presented in appendix C.
Both a stand-alone program (vpsc90.exe) and a material model for Abaqus/-
Standard (consisting in the user subroutines EXTERNALDB, UMAT and URDFIL)
have been developed. The code is portable, and can be compiled either on Windows®
or UNIX® systems. In total, VPSC90 consists of 13 different modules. The de-
pendencies between them, as well as with Abaqus and the main vpsc90.exe
program, are shown in figure 3.3.
evpsc elsc 
parameters 
eshelby grain 
properties 
rotation 
logging 
basis linalg 
state 
input 
main user 
ABAQUS 
VPSC90 
polycrystal 
IO 
vpsc90.exe 
Figure 3.3: Simplified dependency graph of the Fortran 90 modules that compose VPSC90. The main program
and Abaqus subroutines interact with VPSC90 mostly through the polycrystal module
It is remarkable that the user subroutines can be run by the parallel solver
of Abaqus, solving the problem in several integration points at the same time in
multicore machines. The use of parallelisation results in very high performance
improvements, and has become particularly relevant in the last years with the
constant rise in the number of cores in multiprocessors and the increasing availability
of computer clusters.
2The code is not thread-safe in a strict sense, since there are some lock-free regions of shared memory.
Some variables, as for example the ones representing the properties of the material, can be modified
from concurrent threads causing a race condition. However, under normal usage, all the variables that
can be modified are local to the current thread, while shared variables are read-only
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3.3 Results
The results from Abaqus simulations with VPSC90 are compared to those obtained
with VPSC7-UMAT [2], while the results of running VPSC90 as a stand-alone
program are compared with VPSC7c and VPSC7-UMAT. For the latter case, a
driver program, similar to the one used by vpsc90.exe, is used to call the UMAT
subroutine.
The first set of simulations corresponds to a problem of uniaxial tension with
constant strain rate (ε˙33 = 1.0; ε˙11 = ε˙22 = −0.5) until a deformation of 100%.
The material is assumed to have an FCC crystal structure, with 12 slip planes
in which hardening is determined by the Voce law (with parameters τ0s = 1.0,
τ1s = 0.5, θ
0
s = 2.5 and θ
1
s = 0.2) and initial random texture. Additionally,
simulations of compression of Zirconium up to 20% are performed using VPSC7c
and VPSC90 both with and without twinning, using 20 steps and an initial texture
of 1944 orientations. This problem is explained in detail in the VPSC7 manual [3].
All the benchmarks of the stand-alone programs are run on the same computer,
equipped with an Intel® i5-3320M processor (2 cores and 4 threads) and 8GB of
RAM, running Windows® 7. Abaqus simulations are run in a Dell Precision T7600
workstation with 128Gb of RAM and processors Intel Xeon® ES-2667 (with a total
of 24 cores). The stand-alone programs and Abaqus subroutines are compiled in
Windows and Linux using the Intel® Fortran Compiler (version 11.1) and the same
optimisation flags.
3.3.1 Stand-alone program
Simulations are performed with different number of time steps (100, 1000 and
10000) and a texture composed of 500 individual orientations, and with 1000
time steps and different textures (50, 500 and 5000 random orientations). Ten-
sile diagrams obtained simulating the problem with VPSC7c, VPSC7-UMAT and
VPSC90 are shown in figure 3.4. The diagrams correspond to simulations with
1000 time steps and initial texture of 5000 random orientations. The VPSC7-UMAT
and VPSC90 implementations yield the same results with total correspondence.
VPSC7c, which does not take elasticity into account to calculate the stress response,
of course produces a slightly different curve.
The final textures predicted at a deformation of 100%, obtained from an initial
texture of 50 random orientations, are shown in figure 3.5, represented as individual
orientations in a pole figure. It is observed that the three implementations yield sim-
ilar texture results. There is perfect correspondence between the texture predicted
by VPSC7-UMAT and VPSC90, while the texture predicted by VPSC7c shows
some minor differences, attributed once more to the slightly different behaviour
when elasticity is neglected.
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Figure 3.4: Tensile diagrams corresponding to an uniaxial tension problem and a material with initial texture of
5000 random orientations predicted by VPSC7c and the stand-alone versions of VPSC7-UMAT and VPSC90. All the
simulations are performed using 1000 time steps
{001} {110} {111}
Figure 3.5: Final texture (processed with mtex 3.4.2 [4]) after 100% of deformation of a FCC material, with
initial texture of 50 random orientations, predicted by VPSC7 (◦), VPSC7-UMAT (◦) and VPSC90 (◦)
Results of simulations of the behaviour of Zr under compression performed
with VPSC7c and the stand-alone version of VPSC90 are shown in figure 3.6.
Simulations are run considering only slip deformation modes or also deformation
by twinning. The simulations in which twinning is not considered produce similar
results, while some small differences are observed when twinning is enabled. These
differences could be expected, due to the random nature of the scheme used to
reorient twinned grains (the Predominant Twin-Reorientation Scheme, or PTR [5]).
Figure 3.7 shows the results from different benchmarks comparing the perfor-
mance of the different implementations (running on a single CPU) when different
time steps and numbers of grain orientations are used, as well as the time employed
by VPSC90 and VPSC7c to solve the Zirconium problem with and without twinning.
The benchmarks show that VPSC90 is considerably faster than VPSC7-UMAT, and
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Figure 3.6: Strain–stress curve predicted by VPSC7c and VPSC90 for a compression problem of Zirconium
considering slip and twinning, or only slip deformation systems
also faster than VPSC7c, with speedups of between 20 and 30x when compared with
VPSC7-UMAT (reducing the execution time more than 95%) and approximately
between 2 and 4 times faster than VPSC7c.
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Figure 3.7: Execution time spent solving the problem of an FCC material under uniaxial tension with different
number of time steps and 500 grains (left) and with different number of grains and 1000 time steps (centre). The
right graph shows the execution time employed by VPSC7c and VPSC90 to solve the Zirconium compression
problem with and without twinning. N.B.: the time scale in the ordinate is logarithmic
3.3.2 Abaqus/Standard
Simulations of an uniaxial tension problem are run in Abaqus/Standard using the
VPSC7-UMAT and VPSC90 user subroutines. The same FCC material as in the
simulations with the stand-alone programs is used, with initial random texture of 50
grains. A prismatic body with dimensions 14× 3× 1 is meshed with 84 quadratic
elements with reduced integration (element type C3D20R, with 8 integration points).
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Displacement is constrained in the normal direction of three adjacent faces of the
body, such that the modelled region corresponds to one eighth part of a body with
3 planes of symmetry. One of the other faces moves with constant velocitiy in
its normal direction, such that the body is subjected to a tensile load. The mesh
used in the model and the applied boundary conditions are shown in figure 3.8.
Additional simulations are run using VPSC90 and a mesh of 1000 elements with
one integration point (of type C3D8R).
X
Y
Z
Figure 3.8: Boundary conditions in simulation with 84 C3D20R elements in Abaqus/Standard: three faces cannot
move in its normal direction and one moves with constant velocity
Simulations with VPSC7-UMAT and VPSC90 yield the same results, which are
also coherent with the ones from the stand-alone programs, both in the mechanical
behaviour and the crystallographic texture predicted.
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Figure 3.9: Time used by Abaqus with VPSC7-UMAT and VPSC90 subroutines to solve the problem with 84
elements using different number of CPUs (parallel execution is not possible with VPSC7-UMAT). The black line
shows the time spent by VPSC90 to solve a similar problem with a finer mesh of 1000 elements. N.B.: the time scale
in the ordinate is logarithmic
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Figure 3.9 shows the execution time employed by Abaqus to solve the prob-
lem using VPSC7-UMAT and VPSC90. It is observed that, in addition to being
intrinsically faster, the performance of VPSC90 can be raised further by increasing
the number of processors used for the simulation. While VPSC7-UMAT needs
more than 8 hours to solve a problem with 84 elements, VPSC90 can solve the
same problem in less than 25 minutes, and less than 8 minutes when using parallel
execution and 4 processors. A similar problem with 1000 elements can be solved
by VPSC90 in less than 23 minutes using 4 CPUs.
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Ti-6Al-4V material characterisation
The laws of the phenomena around us – order, regularity, cyclical repe-
titions, and renewals – have assumed greater and greater importance
for me. The awareness of their presence gives me peace and provides
me with support.
– M.C. Escher.
This chapter presents a summary of the properties of the Ti-6Al-4V alloy used
for the fabrication of test specimens employed in the experiments in this work. A
complete understanding of the as-received material is essential in order to perform
a precise analysis and accurate modelling of its real behaviour. While the general
physical properties and chemical composition presented in section 4.1 are directly
taken from the data provided by the material supplier, the crystallographic charac-
terisation results in section 4.2 are obtained with specific experimental observations,
using the techniques discussed in section 2.2.3. The aim of these measurements is
to determine the average aspect ratio and rotation of the grains (assuming they have
an ellipsoid shape), as well as its crystallographic orientation.
4.1 General properties
Two different product forms of Ti-6Al-4V are used: bulk material, manufactured by
Timet in the UK, and sheet material, also manufactured by Timet, but in USA. The
bulk material comes in the form of bars, obtained by a semi-continuous extrusion
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process, in mill-annealed condition, with a diameter of 16 mm ± 0.18 mm. The
sheets, obtained by cold-rolling, come also in mill-annealed condition and have a
thickness of 0.6 mm± 0.06 mm.
Although the bulk and sheet material are both classified as TIMETAL®6-4, they
do not have exactly the same chemical composition nor the same microstructure.
Table 4.I shows the chemical composition reported by the manufacturer for each of
the products [1, 2], as well as the limits defined in the AMS-4911 standard [3].
Fe V Al C O N
TIMET
sheet [1] 0.16 3.98 6.27 0.009 0.19 0.009
bar [2] 0.18 4.14 6.47 0.010 0.19 0.005
Standard [3]
Min – 3.50 5.50 – – –
Max 0.30 4.50 6.75 0.080 0.20 0.050
Y, H and remaining elements: < 0.42. Remainder: Ti
Table 4.I: Chemical composition (in weight percent) of Ti-6Al-4V products reported by the supplier in the
accompaining test reports [1, 2] and defined in the ASM-4911 standard [3]
Different behaviour of the bulk and sheet material is expected, because the
microstructure of Ti-6Al-4V strongly depends on the production process parameters.
The physical properties of the material are also affected by temperature (see figure
4.1). However, since the range of temperatures considered in this work never reaches
values very distant from room temperature, most of the properties of the material
are considered constant (with the exception of mechanical properties).
The values assumed for thermal properties, based on the material datasheet
published by the manufacturer [4], are compared to typical values of the same
properties for a common steel in table 4.II.
Density Melting point Thermal conductivity Heat capacity
(Kg/m3) (◦C) (W/mK) (J/KgK)
Ti-6Al-4V 4430 1635 6.7 526
Steel 7870 1470 51.9 486
Table 4.II: Some physical properties of Ti-6Al-4V, compared with typical values for common construction steel
4.2 Material microstructure
After preparing crystallographic samples following the procedure described in
section 2.2.3.1, and checking in the optical microscope that the surface quality of
the sample is sufficient for EBSD measurements, the texture is studied in the SEM
(see section 2.2.3.2).
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Figure 4.1: Dependence of Ti-6Al-4V thermal properties with temperature reported by the manufacturer [4]:
thermal conductivity (left), specific heat (top right) and thermal expansion (bottom right)
4.2.1 Grain shape and rotation
Figure 4.2 shows the texture map obtained in the EBSD measurements performed in
a sample obtained from the rolled sheet material in the RD-ND and TD-ND planes.
The α phase (shown at left), accounts for approximately 96% of the material. The
grains are elongated in the rolling direction, and they clearly show some preferred
orientations. The β phase (right figure), is less than 4% of the total volume. The β
grains occupy small spaces between the much larger α grains.
EBSD measurements are also performed in samples extracted from the extruded
bar material. Measurement are performed in a plane in the transversal direction of
the bar (LD-TD), at a location situated approximately at the middle point between
the diameter of the cross section and the tangent parallel to it, and also in a section
corresponding to a plane parallel to the longitudinal direction of the bar. The texture
maps obtained for the α and β phases are shown in figure 4.3. Although the grains
do not have a very pronounced shape, it is observed that they do not correspond to
an axisymmetric structure neither (which is the expected outcome after an extrusion
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Figure 4.2: EBSD measurement in Ti-6Al-4V rolled sheet sample. In the two pictures at top, the rolling direction
coincides with the vertical direction in the figure, and the normal direction with the horizontal one; in the two bottom
pictures, the vertical axis corresponds with the transversal direction and the horizontal one with the normal
direction. The α phase ( 96%) is shown at left, and the β phase (remaining 4%) at right
process). However, additional measurements in other points of the bar show similar
deviations which, when averaged, indeed result in an axisymmetric shape and
orientation of the grains.
The average values obtained for the shape and orientation of the grains in the α
and β phases are given in table 4.III. The distribution of quantities defining grain
shape and orientation are given in figures 4.4 and 4.5. It is observed that while α
grains of the sheet material are elongated in the rolling direction and also slightly
in the transversal direction, in the extruded bar the grains are practically equiaxed.
4.2.2 Crystallographic texture
The pole figures corresponding to the rolled material, obtained from the EBSD mea-
surements in figure 4.2, are shown in figure 4.6. The figure is obtained processing
the EBSD data obatined with SEM with the mtex software for quantitative texture
analysis [5].
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Figure 4.3: EBSD measurement in Ti-6Al-4V extruded bar sample. In the two superior pictures, the longitudinal
direction of the bar coincides with the vertical axis, while in the bottom pictures the plane of the image is normal to
the longitudinal direction of the bar (the measurement is performed at a distance of the center of approximately half
of the radius of the bar). As in the case of the rolled sheet material (figure 4.2), the α phase (at left) accounts for
96% of the material and the β phase (at right) for the remaining 4%
Typical textures of hexagonal polycrystals after cold rolling can be of three
different kinds. Either the basal poles are aligned with the normal direction, or
there is a split in the transversal or the rolling direction [6–8]. In general, which of
these textures is adopted by a material depends on its c/a ratio. When it is close to
the ideal value of 1.633, the basal poles align with the normal direction, and they
are split along RD or TD when the c/a value is higher or lower, respectively [7].
However, although this rule applies to pure titanium (c/a = 1.587), it does not hold
in the case of its alloys and, in particular, Ti-6Al-4V (c/a = 1.595).
The split direction of the basal poles is also correlated with the deformation
modes in the material. While split in the ND-RD can be found in materials de-
forming either only by slip or also by twinning, the slip in ND-TD happens only in
materials deforming by slip and twinning, but not if all the deformation is by slip.
Since the degree of twinning is affected by the alloying elements and the processing
temperature, so it is the split of basal poles [8].
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Figure 4.4: Grains shape in Ti-6Al-4V rolled sheet (α-phase on top, β-phase on the bottom). The left figures
show the distribution of lengths of the different axis that define a grain (RD is the axis in the rollind direction, TD in
the transversal direction, ND-RD and ND-TD indicate the length of the axis in the normal direction using each of the
two measurements performed). The right figures indicate the angle between the larger axis (RD or TD) with respect
to the normal direction ND
Material Phase % Vol Axis RD/LD Axis TD/TD1 Axis ND/TD2
(µm) (µm) (µm)
Sheet Alpha 95.8 5.0± 2.7 4.1± 1.9 1.9± 1.2
Beta 4.2 1.0± 0.5 0.9± 0.5 0.4± 0.2
Bar Alpha 95.8 3.7± 2.4 1.6± 0.9 1.3± 0.8
Beta 4.2 0.8± 0.2 0.4± 0.1 0.3± 0.1
Material Phase αRD−TD/αLD−TD αRD−ND/αTD1−TD2
(degrees) (degrees)
Sheet Alpha 89.0± 24.8 86.0± 26.1
Beta 84.2± 27.2 86.6± 31.1
Bar Alpha 101.4± 60.8 59.4± 42.4
Beta 35.3± 19.5 64.7± 42.4
Table 4.III: Average grain properties of the α and β phases of titanium in Ti-6Al-4V in sheet and bar form, and
corresponding standard deviation. The table at top shows the volume fraction of the α and β phases and the
dimensions of the axes of the average ellipsoid representative of the grains. Directions RD, TD and ND correspond
to the rolled sheet and LD, TD1 and TD2 to the exturded bar. The bottom table shows the orientation of ellipsoid
axes with respect to specimen axes
In the particular case of Ti-Al alloys, the amount of twinning is increased with
lower quantities of aluminum, and therefore a non-split basal pole figure will be
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Figure 4.5: Grains shape in Ti-6Al-4V extruded bar (α-phase on top, β-phase on the bottom). The left figures
show the distribution of lengths of the different axis that define a grain (RD is the axis in the rollind direction, TD in
the transversal direction, ND-RD and ND-TD indicate the length of the axis in the normal direction using each of the
two measurements performed). The right figures indicate the angle between the larger axis (RD or TD) with respect
to the normal direction ND
obtained. With a low fraction of aluminum, twinning is favored and a pronounced
basal split will appear in the ND-TD direction [8–10].
The rolled sheet studied presents a complex texture in its alpha phase. Figure
4.6 shows that the texture does not present orthorhombic, but only monoclinic
symmetry. However, the features observed are typical of Ti-6Al-4V and other
researches have found comparable textures in similar materials [11, 12]. Two
symmetric components along the ND-RD plane can be seen with its basal poles
oriented in the TD direction, and another component slightly deviated (±20–40◦)
from ND towards the RD direction. While the ND-RD components are attributed to
the cold-rolling process, the alignment of basal poles with the transversal direction
is probably the remaining effect of some previous hot-rolling process [13].
Pole figures corresponding to the β phase are also shown in figure 4.6. The
EBSD measurements correspond with the typical rolling texture observed in rolled
BCC polycrystals. Indeed, as figure 4.7 shows, the texture presents two strong
components of gamma fiber, (111)[12¯1] and (111)[1¯1¯2], one component of alpha
fiber, (001)[11¯0], and a single independent component (001)[1¯1¯0].
The bulk material in bar form also has a strong texture. As shown in the pole
figure 4.8, also obtained using mtex, the 〈0001〉 poles are predominantly oriented
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Figure 4.6: Crystallographic texture of Ti-6Al-4V in rolled sheet form: the top pole figures represent the α phase
and the bottom ones the β phase
perpendicular to the longitudinal direction of the bar, along the extrusion fiber
(101¯0). It is remarkable that although it is a bar product, the texture is not completely
axisymmetric. Instead, there are some preferred orientations, either due to some
previous processing of the material or as a result of the final extrusion.
In the case of the β-phase of the extruded material, the texture shown in figure
4.8 does not show any preferred components. It is therefore assumed that Ti-β in
the extruded bar has a random texture.
Figure 4.7: ODF section for beta phase with ϕ2 = 45 compared with characteristic components of a rolled
BCC material [7]. The Ti-β texture presents two strong components in the γ-fibre, one in the α-fibre, and one
independent component in (001)[1¯1¯0]
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Figure 4.8: Crystallographic texture of Ti-6Al-4V in extruded bar form: the top pole figures represent the α
phase and the bottom ones the β phase
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Effect of strain rate and temperature on
Ti-6Al-4V plasticity
When in doubt, use brute force.
– Ken Thompson
In this chapter, an exhaustive analysis of the uniform plastic deformation of
Ti-6Al-4V during tensile testing is presented. Several types of tests are studied,
using a combination of experimental and modelling techniques, to fully describe
the behaviour of the material under a wide range of testing conditions.
5.1 Introduction
In order to characterise and model the mechanical behaviour of Ti-6Al-4V, several
parameters have to be taken into account. At the macroscopic scale, two of the
most influential ones are strain rate and temperature. An increased strain rate has a
hardening effect, while high temperatures soften the material. Since strain rate and
temperature have simultaneous and opposite effects, special methods have to be
used to study the influence that each of them has on the behaviour of the material.
Experimental data of standard tensile tests at different strain rates, isothermal
tests performed inside a fluid at constant temperature and dynamic tests using a
Split Hopkinson Tensile Bar (SHTB) are used to obtain the experimental data that
will be used to model the mechanical behaviour of the material. In addition to
studying the effect of strain rate, temperature is also taken into account, both as an
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environmental parameter and as the result of the heat generation and dissipation in
the specimen during deformation in non-isothermal conditions.
First, the experimental results are presented. These results correspond to tensile
tests performed in isothermal conditions at moderate temperatures, from −10 to
70◦C, and non-isothermal experiments at strain rates from quasi-static speeds to
more than 1000 s−1 using the SHTB setup. Then, the experimental data is used
in conjunction with the Voce law and the Johnson-Cook model, and a thermal
model, to determine the evolution of temperature during the experiments, and the
temperature and strain rate sensitivity of the material, as well as the Taylor-Quinney
coefficient, that defines the amount of plastic work transformed into heat.
The full model of the material is then used to perform simulations corresponding
to a wide range of strain rates for each of the studied specimens and different
properties of the surrounding environment, in order to establish clear limits for
adiabatic and isothermal conditions and have a clear overview of the influence of
thermal effects during the tests.
The obtained model is also used for the finite element simulation of non-
isothermal tensile tests using a coupled thermo-mechanical model in ABAQUS/Ex-
plicit. The objective of these simulations is to serve as an extra validation of several
of the assumptions made in the model and to show its application to the simulation
of complex problems.
5.2 Experimental results
The temperature sensitivity of Ti-6Al-4V is studied using isothermal experiments,
while experiments at different strain rates are used to study strain rate sensitivity,
and heat generation and dissipation. In this section, the experimental results are
presented, as well as the tensile properties extracted from the experimental data
(using the methods covered in appendix A).
5.2.1 Temperature controlled experiments
Experiments at constant temperature are performed in a servo-hydraulic tensile
machine as described in section 2.2.1. The setup includes a cell that is mounted
around the specimen inside which fluid at constant temperature flows to regulate
the temperature of the material during the test.
After processing the measured engineering strain-stress data, the true tensile
diagrams of Ti-6Al-4V in isothermal conditions of figure 5.1 are obtained. Several
tensile properties – given in table 5.I – are also calculated from the measurements.
It is observed that increasing the temperature has a noticeable softening effect.
The overall stress response of the material decreases significantly at higher temper-
atures. When the temperature of the material increases from −10◦C to 70◦C, the
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Figure 5.1: True tensile diagrams of Ti-6Al-4V at quasi-static strain rate (8.00 · 10−5 s−1) performed in fluid
at different constant temperatures with GL110 specimens. Non-uniform strain during each experiment is represented
with a dashed line. The average value of maximum uniform strain, εu0, is indicated by a vertical dash-dot line
Isothermal experiments (figure 2.13) Specimen GL110
T (◦C) σy(MPa) σu(MPa) εu(%) U(J/mm3) q(%) εf (%)
−10 1019 1153 7.42 81.42 26.40 30.66
22 951 1094 7.51 77.68 27.77 32.53
30 945 1066 6.43 65.19 25.77 29.81
50 904 1027 6.22 60.61 29.34 34.73
70 863 1001 6.62 62.53 28.64 33.74
Table 5.I: Tensile properties of Ti-6Al-4V at constant temperature and strain rate of 8.00 · 10−5 s−1 (from left
to right): specimen geometry, temperature, yield and ultimate stress, maximum uniform strain, energy absorbed
during uniform strain, ductility and ultimate strain. Ductility is calculated from q = (A0 − Af )/A0 and the
ultimate strain (strain at fracture) as εf = ln(A0/Af ), whereA0 is the initial cross sectional area andAf the
area after fracture
tensile strength is reduced by more than 15%, and by already more than 2.5% when
the temperature only varies from 22◦C to 30◦C.
Since the variation in stress response is independent of strain, it must follow
a multiplicative relation (as defined by the Johnson-Cook model and discussed
section 5.3.1) and the maximum value of uniform strain must be independent of
temperatures. Indeed, the average value of maximum uniform strain is 6.84%, with
a standard deviation of 0.5% (the variations observed are attributed to experimental
scatter, very influential in the determination of the point of maximum uniform strain
in a material with a relatively flat flow curve, as it is the case for Ti-6Al-4V).
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5.2.2 Non-isothermal experiments
The same experimental setup used to perform constant temperature experiments
is also used to check that these experiments indeed are carried out in isothermal
conditions.
In order to assert that the strain rate of 8.00·10−5 s−1 is low enough to guarantee
the dissipation of heat at the same rate as it is generated, an experiment is performed
under similar conditions to the tests of section 5.2.1 using fluid at room temperature
and repeated in air, using the same setup but leaving the cell empty and the circulator
turned off. Similar experiments are performed at a slightly higher strain rate, at
6.67 · 10−4 s−1.
If there were some variation of temperature in the material during any of the
experiments, the higher capacity of heat dissipation of the fluid would result in a
lower temperature variation in the experiment in fluid and, consequently, the stress
would be higher. However, if both experiments take place in isothermal conditions,
the results must be the same. If the method proves that the experiment performed in
air is isothermal, it is justified to assume that the experiment in fluid is isothermal
too.
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Figure 5.2: Tensile behaviour of Ti-6Al-4V (specimen GL110) in air and inside fluid at constant temperature at
strain rates of 8.00 · 10−5 s−1 and 6.67 · 10−4 s−1
Figure 5.2 shows that both experiments at the lowest strain rate of 8.00·10−5 s−1
yield similar results. Therefore, these experiments and the experiments in section
5.2.1 indeed are isothermal processes. However, when the strain rate increases up
to 6.67 · 10−4 s−1, the different response of the material in air and fluid can only be
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explained by a difference in temperature and, therefore, at least the experiment in
air is not an isothermal process.
5.2.3 Jump experiments
In order to assert that the variation in the curves is indeed the result of thermal soft-
ening, instead of being the aftermath of uncontrolled factors, additional experiments
are performed in which the environmental conditions change during the test.
The method used to vary the environmental conditions consists in starting the
experiment in air, like a normal tensile test but mounted in the setup with the fluid
cell and the special extensometer and, at a certain point, start up the circulator
so that the fluid fills up the cell and starts flowing around the sample at constant
temperature. This procedure produces a “jump” in the thermal conditions of the
test.
The first of these experiments corresponds to a jump of temperature. During a
tensile test at 8.00 · 10−5 s−1 in air (with a laboratory temperature of 22◦C), at the
point of approximately 1.5% of plastic deformation, fluid at 50◦C starts flowing,
filling the cell and increasing the temperature of the sample up to that temperature.
The left graph of figure 5.3 shows that indeed the results of the jump test match the
data obtained in constant temperature tests.
Another jump experiment is performed at a strain rate of 6.67 · 10−4 s−1. The
experiment starts in air, without any fluid in the cell, such that there is some tem-
perature variation in the material and the associated thermal softening, as shown in
the previous section. When strain reaches a level of approximately 4.5%, the circu-
lator is activated and fluid at room temperature starts flowing around the sample,
increasing the rate at which heat is dissipated from the specimen.
The right graph of figure 5.3 shows that the results of the jump experiment
correspond with those measured in experiments performed completely in air or
fluid already presented, confirming that the differences observed are the result of a
temperature increase in the sample. Section 5.3.1 will present a more exhaustive
study of heat losses during tensile tests as a function of strain rate, specimen
geometry and environmental conditions.
5.2.4 Experiments at different strain rates
The experiments shown in sections 5.2.1 to 5.2.3 are useful to study the effect of
temperature on the properties of the material. However, these tests are non-standard.
An unusual specimen geometry is used (the GL110 specimen in figure 2.13), and
the thermal conditions derived from using the fluid cell do not correspond with
normal laboratory conditions. In order to characterise the mechanical behaviour of
materials, it is more common to use established tensile testing techniques based on
standard methods (like those defined by the ASTM and ISO organisations [1, 2]).
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Figure 5.3: Jump experiments. Left: Jump from 22◦C to 50◦C at a strain rate of 8.00 · 10−5 s−1. Right: Jump
from air to fluid environment (both of them at room temperature, of 22◦C) at a strain rate of 6.67 · 10−4 s−1
These tests are performed at “quasi-static” strain rates, under the assumption that a
low deformation velocity will give enough time to dissipate the generated heat of
the material, such that the experiment takes place in isothermal conditions.
In general, the thermal conditions during the tests are highly dependent on the
thermal properties of the material. The particular combination of physical properties
of Ti-6Al-4V – low density and thermal conductivity and high heat capacity – results
in a very high sensitivity of the material to temperature effects when compared
with other metals commonly used in engineering applications. Due to the low
conductivity of Ti-6Al-4V, non-negligible temperature increments are present in
the material during tensile testing at relatively low strain rates, usually considered
quasi-static and, therefore, considered valid for standard tensile testing.
In this section, results from tensile experiments at low strain rates with standard
specimens are presented. These tests were performed using the GL50 specimen
geometry (section 2.2.1) and in normal laboratory conditions, following standard
tensile testing methods. However, as it has already been shown in section 5.2.2 and
will be further studied in the next sections, only at very low strain rates isothermal
conditions can be guaranteed in the case of Ti-6Al-4V. Actually, the highest speeds
tested in this setup (5.00 · 10−1 s−1) are already high enough to reach adiabatic
conditions.
Dynamic tensile experiments using the SHTB setup and the GL5 specimen, as
described in section 2.2.1.3, are also presented here, in order to give a full view
of the effect of strain rate on the tensile properties of the material. Of course, the
behaviour of the material is adiabatic at all the strain rates tested in the Hopkinson
setup.
Figure 5.4 and table 5.II show the results of tests at strain rates ranging from
8.00 · 10−5 s−1 to 5.00 · 10−1 s−1 in the servo-hydraulic setup and from 415 s−1 to
1007 s−1 in the SHTB setup (all the strain rates concerning dynamic experiments
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are in fact average strain rates, since deformation speed is not constant during the
dynamic tests). The oscillations in the high strain rate experiments are attributed
to the test technique. As a result, some of the tensile properties listed in table 5.II
could not be calculated with this data.
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Figure 5.4: True tensile diagrams of Ti-6Al-4V (specimens GL50 and GL5) at different strain rates, performed in
air at an initial temperature of 30◦C. Non-uniform elongation is represented by a dashed line. Uniform strain is not
indicated in the high strain rate experiments, as it is very difficult to determine due to the oscillating signal
“Quasi-static” experiments (figure 5.4) Specimen GL50
ε˙(s−1) σy(MPa) σu(MPa) εu(%) U(J/mm3) q(%) εf (%)
8.00 · 10−5 942 1090 8.40 85.49 26.02 30.14
6.67 · 10−4 996 1107 6.86 71.86 25.07 28.86
5.00 · 10−3 1013 1089 4.91 51.29 23.93 27.35
5.00 · 10−2 1043 1110 4.60 48.68 26.69 31.04
5.00 · 10−1 1066 1127 4.01 41.34 28.73 33.87
Dynamic experiments (figure 5.4) Specimen GL5
ε˙(s−1) σy(MPa) σu(MPa) εu(%) U(J/mm3) q(%) εf (%)
415 1131 – – – 25.95 30.05
425 1059 – – – 27.48 32.14
434 1199 – – – 27.72 32.46
1007 1065 – – – 25.60 29.57
Table 5.II: Tensile properties of Ti-6Al-4V at different strain rates and a room temperature of 30◦C (from left to
right): specimen geometry, strain rate, yield and ultimate stress, maximum uniform strain, energy absorbed during
uniform strain, ductility and ultimate strain. Ductility and ultimate strain are calculated using the same methods that
was used in table 5.I
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The results show a clear trend in the response of the material. There is a
hardening effect, caused by the increasing strain rates. Apparently, the observed
hardening does not correspond to a simple multiplicative relation. Instead, it looks
as if the hardening effect decreased as the strain increases. However, it has already
been shown that when strain rates reach values of at least 6.67 · 10−4 s−1 the
increase of temperature in the material is not negligible and therefore the associated
thermal softening has to be considered. In the following sections, the effect of
temperature at different strain rates will be further studied making use of different
thermo-mechanical models in order to isolate the effect of strain rate from the
softening caused by the increment of temperature.
5.3 Modelling of thermo-mechanical behaviour
In order to make an accurate prediction of material behaviour, a model must take
into account the temperature sensitivity of the material and its dependence on strain
rate. In the following, the sensitivity of the material to strain rate and temperature is
studied using the respective terms of the Johnson-Cook model, and are then used in
a model based on the Voce law and a full Johnson-Cook model.
Taking into account the expression of the equation of the Johnson-Cook model
(2.3) in section 2.3.2:
σ(εp) = σ0(εp) kε˙(ε˙) kT (T ) =
[
A+Bεnp
] [
1 + C ln
ε˙
ε˙0
] [
1−
(
T − Tr
Tm − Tr
)m]
(5.1)
and the expression of the Voce law (2.1) in section 2.3.1, the final expression for
the Voce law extended with the strain rate and temperature sensitivity terms of the
Johnson-Cook model takes the form:
σ(εp) = σ0(εp) kε˙(ε˙) kT (T ) = [A− (A−B) exp(−nεp)] kε˙(ε˙) kT (T ) (5.2)
5.3.1 Temperature sensitivity
As mentioned in section 5.2.1, the observed influence of temperature is independent
of the applied strain. This is confirmed by the left graph of figure 5.5, where the
natural logarithm of the relative stress difference due to the variation of temperature
in the experiments of figure 5.1, relative to a reference curve, is represented as a
function of strain.
All experimental data points of the left graph are represented as a function
of ln((T − Tr)/(Tm − Tr)) in the right graph of figure 5.5. An approximately
linear relationship is obtained. The slope of this line (denoted m) corresponds with
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the parameter of the temperature sensitivity term of the Johnson-Cook model in
equation (2.3) (described in section 2.3.2), which therefores takes the form:
kT (T ) = 1−
(
T − Tr
Tmelt − Tr
)m
= 1−
(
T
1926
)1.851E−4
(5.3)
Although it is common to fit the m parameter using the room temperature as
reference temperature Tr, it is observed that the quality of the fitting is significantly
improved when the absolute zero (0K or−273◦C) is used instead. The use of 0K as
reference temperature provides the additional benefit that, this way, the experiment
at −10◦C can also be used in the analysis. Obviously, there is no experimental data
at 0K. The hypothetical material response at 0K is calculated using the temperature
sensitivity term of the Johnson-Cook model and the tensile curve σ295(ε) obtained
at room conditions (22◦C or 295K), such that:
σT (ε) = kT (T )σ0(ε)⇒ σ0(ε) = σ295(ε)/kT (295) (5.4)
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Figure 5.5: Temperature sensitivity of Ti-6Al-4V: there is no significant variation of temperature sensitivity with
strain, which is well described by the Johnson-Cook model as a function of temperature given by equation (5.3)
Figure 5.5 shows that temperature sensitivity is successfully described by the
multiplicative term defined by the Johnson-Cook model (kT ). In the temperature
range studied, the sensitivity of the material does not show significant differences
with strain or temperature. However, results are reported in literature showing a
strain dependent temperature sensitivity at more extreme temperatures [3]. There-
fore, the results obtained should not be extrapolated to higher or lower temperatures.
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5.3.2 Strain rate sensitivity
In section 5.2.2, it is shown that, when the strain rate reaches 6.67 ·10−4 s−1, exper-
iments performed in normal laboratory conditions cannot be considered isothermal.
In those cases, the direct calculation of the strain rate effect is not possible. Indeed,
during the experiment, the temperature in the specimen rises, so thermal softening
has to be taken into account.
In order to predict the temperature history, it is necessary to know the heat
generation rate, which depends on the value of the Taylor-Quinney coefficient β, as
well as the dissipation of heat to the surrounding air or fluid, and to adjacent parts
of the setup through the grips of the specimen. It is common practice to assume that
β has a constant value in the calculation of the increment of temperature during
mechanical processes. Usual values given to β for metals are 0.9 or even 1.0. In
the particular case of Ti- 6Al-4V, some studies have measured values of β during
compression varying between 0.2 and 0.8 [4], whereas 0.6 has been found a sensible
value for α-titanium [5]. In the present work, no value of β is assumed a priori.
Instead, it is derived from the experimental results by numerical fitting, together
with the strain rate sensitivity parameter.
The strain rate sensitivity parameter C of the Johnson-Cook model and the
Taylor-Quinney coefficient β are fitted using an iterative procedure combining
numerical simulations with experimental results, and considering 8.00 · 10−5 s−1
as the reference strain rate ε˙0. For this purpose, the experimental data from figure
5.4 is used, with the exception of the high strain rate Hopkinson experiments. The
heat losses are calculated with the thermal properties given in table 4.II considering
conduction and convection with constant heat transfer coefficient during each step,
as explained in section A.3.
As part of the fitting process, stress is estimated iteratively at small strain
increments using the temperature and strain rate sensitivity terms of the Johnson-
Cook model defined in (2.3) and the temperature increment given by (A.7). Instead
of using an analytical expression to calculate the stress at reference conditions
(σ0(εp) in (2.3)), it is calculated using equation (5.4) and experimental results at
22◦C and 8.00·10−5 s−1. The estimated stress is then compared with the previously
obtained experimental value such that an error is obtained. The parameters which
minimise this error are found using the least-squares method1, resulting in a value
for C of 0.014 and 0.54 for β.
The aforementioned iterative method also produces temperature output. Using
this temperature and the temperature sensitivity parameter m previously fitted,
the thermal softening at temperature T , expressed by kT (T ), is calculated. By
dividing the measured stress in the experiments presented in section 5.2.4 by this
1The optimisation process is carried out using a Python script which makes use of the MINPACK’s
implementation of the Levenberg–Marquardt algorithm in SciPy
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thermal softening, the experimental curves are converted to the ones corresponding
to hypothetical isothermal tests, shown in figure 5.6.
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Figure 5.6: Conversion of experimental tensile curves (dashed lines) into the curve corresponding to a (virtual)
similar experiment performed in isothermal conditions (continuous line).
In isothermal conditions and at the same temperature, all the differences ob-
served in the tensile diagrams are attributed to the effect of strain rate. In view
of these results, the effect of strain rate hardening is not qualitatively different
from the effect of thermal softening. Indeed, the strain rate sensitivity is almost
independent from strain and the behaviour at different strain rates is well described
by the Johnson-Cook model, as shown in figure 5.7 and given by the expression:
kε˙ = 1 + C ln
ε˙
ε˙0
= 1 + 0.0144 ln
ε˙
8.00 · 10−5 (5.5)
It is remarkable that, although the parameter C is fitted without taking into
account the dynamic experiments in the SHTB setup, the response of the material
at high strain rates extrapolated using the model parameters fitted at lower strain
rates corresponds well with the experimental results.
It is also worth noting that the validity of the results concerning strain rate
sensitivity depends on the accuracy of the simulated temperature data and, therefore,
on the estimation of the Taylor-Quinney coefficient. As discussed in section 5.4,
both temperature and β coefficient also have a strong effect on the estimated uniform
deformation. Since both strain rate sensitivity and Taylor-Quinney coefficient are
fitted simultaneously, it cannot be guaranteed with total confidence that both of them
are constant. However, the possibility of both factors being variable with similar but
opposite effect on the mechanical properties of the material is unlikely. In any case,
it is observed that the Johnson-Cook strain rate sensitivity term (kε˙) obtained under
the assumption that these parameters are constant offers a good approximation for
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Figure 5.7: Strain rate sensitivity of Ti-6Al-4V: There is no significant variation of strain rate sensitivity with
strain. The stress variation is well described by the Johnson-Cook model strain rate sensitivity given in equation (5.5)
the modelling of Ti-6Al-4V behaviour. Moreover, the value of β obtained from
numerical fitting is consistent with previous observations in literature [4, 5].
5.3.3 Constitutive model
In order to complete the material model, the plastic flow of the material at reference
conditions has to be described by a constitutive law, so that it can be used in
combination with the temperature and strain rate sensitivity terms. In addition to
the Johnson-Cook expression for σ0(ε) given by (2.3), a Voce law of the form (2.1)
is considered. Both expressions, presented in section 2.3, require three parameters
(A, B and n). Although the meaning of these parameters is different in each of
the models, it is remarkable that they can be constrained so that a fixed value for
yield stress and/or ultimate strength (at a known maximum uniform strain) can be
imposed (see sections 2.3.1 and 2.3.2).
Since the usage of one model or another for the description of the material
behaviour at reference conditions does not give exactly the same curves, the param-
eters that define temperature and strain rate sensitivity using each of the models are
slightly different too, and also different from the ones obtained using an experimen-
tal reference curve, as done in the previous sections. Therefore, all the parameters
of the model (A, B, n, m, C and β) are fitted again for each of the models using
all the experimental data available (isothermal curves from −10 to 70◦C given in
section 5.2.1 and tests from 8.00 · 10−5 to 5.00 · 10−1 s−1 given in section 5.2.4).
The fitting method allows to make a simple least-square fitting or to impose
additional conditions using the expressions given by (2.2) and (2.4). It is also
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possible to calculate an absolute residual or relative to the number of points in the
experimental curve or the value of maximum uniform strain. After several attempts,
it is observed that the best fit is obtained when ultimate strength is imposed, but not
the yield stress, and the residual is considered in relation to the maximum uniform
strain measured in each of the experiments.
Table 5.III shows the parameters obtained for each of the models using the
aforementioned method. The curves obtained using said parameters corresponding
to a representative set of the experiments considered in the study, represented in
figure 5.8, show that both models can be used to model the material behaviour with
sufficient accuracy.
Flow curve A B n m C β
Reference experiment – – – 1.85E-4 0.0144 0.54
Voce law 3.384E6 2.793E6 15.29 1.82E-4 0.0145 0.59
Johnson-Cook 2.756E6 1.657E6 0.48 1.79E-4 0.0138 0.46
Table 5.III: Model parameters used in the simulations of figure 5.8
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Figure 5.8: Simulations (bold lines) compared to experiments (dashed lines) using the Voce plastic flow law (left)
and the Johnson-Cook model (right) using the parameters given in table 5.III. The temperature evolution in the
experiments is taken into account using the thermal model described in section A.3 with the parameters given in
table 4.II
The simulations also give a prediction for the evolution of temperature during
the experiments. Figure 5.9 shows the temperature predicted for the GL110 and
GL50 specimens in simulations at different strain rates with the Voce model. At
the lowest strain rate of 8.00 · 10−5 s−1, the maximum temperature increment
observed is of only 1.8◦C in the GL50 specimen. Such a low temperature variation
implies a decrease of stress of less than 0.5% and, therefore, is considered negligible.
During the experiments performed in fluid with GL110 specimens, the increment is
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less than 0.6◦C at 6.67 · 10−5 s−1, and can be neglected as well. Therefore, both
experiments can be considered isothermal, as well as experiments at lower strain
rates, and the previous assumption of isothermal conditions is confirmed.
30
35
40
45
0 1 2 3 4 5 6 7
T
(◦
C
)
ε (%)
GL110
Fluid
5.00 · 10−1
5.00 · 10−2
5.00 · 10−3
6.67 · 10−4
30
35
40
45
0 1 2 3 4 5 6 7
ε (%)
GL50
Air
5.00 · 10−1
5.00 · 10−2
5.00 · 10−3
6.67 · 10−4
8.00 · 10−5
Figure 5.9: Temperature evolution during tensile experiments at different strain rates using the GL110 specimen
inside the fluid cell and the GL50 specimen in normal laboratory conditions, with an initial temperature of 30◦C, as
predicted using the Voce model to describe the material behaviour at reference conditions (0K and
8.00 · 10−5 s−1)
5.4 Determination of limits for isothermal and adia-
batic conditions
Due to the simplicity of isothermal and adiabatic processes when compared to the
general case, it is desirable to have tools to determine if a tensile test meets any of
these conditions. In this section, a method for the determination of isothermal or
adiabatic conditions based on the tensile behaviour of the material and the thermal
model previously introduced is presented, and applied to the particular case of
Ti-6Al-4V tensile tests.
For a given set of conditions (specimen geometry, surrounding medium, initial
temperature), simulations are performed for a range of strain rates. For each strain
rate, the point of maximum uniform strain (εu, σu) is calculated (solving equation
(A.2), as explained in section A.1). Then, the locus of points of maximum uniform
strain (εu(ε˙), σu(ε˙)) can be represented as a curve in a (εu, σu) diagram. Figure
5.10 shows such a diagram obtained under the assumptions of adiabatic conditions
and a material behaviour described by the Johnson-Cook model. The diagram shows
how the adiabatic limit is influenced by the β coefficient. The maximum uniform
strain reached in isothermal conditions (equivalent to adiabatic conditions when
β = 0) is constant (vertical line at εu0), because, since temperature and strain
rate sensitivity are represented by a multiplicative term, the point of maximum
uniform strain is independent of temperature and strain rate. For a given material,
the points outside of the limits imposed by isothermal and adiabatic conditions
E F F E C T O F S T R A I N R AT E A N D T E M P E R AT U R E 5-15
can only be reached if additional energy (heat) is added to or subtracted from the
process. Such energy may come for instance from an external source or from an
exothermic microstructural transformation in the material. These processes will not
be considered here.
εu0
σ
u
εu
Adiabatic
β = 1, 0.9, 0.5, 0.1, 0
Isothermal
ε˙ = ε˙0
ε˙
Figure 5.10: Each of the curves (which resemble straight lines) represents the locus of the points of maximum
uniform strain in tensile curves corresponding to (simulated) tests at different strain rates in adiabatic conditions.
The different colors correspond to different values of the Taylor-Quinney coefficient. The line obtained assuming
β = 0 corresponds with the isothermal case (vertical line at εu0). Dashed lines connect (εu, σu) points
corresponding to a constant strain rate ε˙0 and values of β between 0 and 1
The diagram represented in figure 5.10 heavily relies on a multiplicative sensi-
tivity of strain rate and temperature as described by equation (2.3). As a result, the
curves converge at a point where the strain rate becomes so low that the material no
longer shows resistance to plastic flow. In reality, a multiplicative dependence is
only valid within a limited region of strain rate and temperature. However, despite
their theoretical nature, the curves in figure 5.10 provide a conceptual framework
for the analysis of tensile experiments.
5.4.1 Isothermal and adiabatic conditions during tensile defor-
mation of Ti-6Al-4V
Using the constitutive model from 5.3.3, and the thermal model in A.3, the tensile
properties of the material can be obtained for a wide range of testing conditions,
such as different strain rates, specimen geometries, and properties of the surrounding
environment. After running simulations for tests in fluid with the GL110 specimen
and tests in air with the GL110, GL50 and GL5 specimens for strain rates from
1.00 · 10−6 s−1 to 1.00 · 101 s−1, it is observed that the most representative tensile
properties for the variation on the thermal behaviour of the material are the point
where the ultimate tensile strength is reached (εu, σu) and the absorbed energy at
that point, denoted by U .
Figure 5.11 shows two diagrams corresponding to the relation between maxi-
mum uniform strain and tensile strength and between the absorbed energy and the
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strain rate, for different conditions used in simulations with the Voce law 2, together
with simulations corresponding to ideal isothermal and adiabatic conditions.
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Figure 5.11: Top: Ti-6Al-4V (εu, σu) diagram for the specimen geometries GL5, GL50 and GL10 in air at
30◦C and the geometry GL110 in water at 30, 50 and 70◦C. Bottom: Absorbed energy at the point of ultimate
strength as function of strain rate for the different geometries and environmental conditions.
The (εu, σu) and (ε˙, U) diagrams in figure 5.11 provide a clear visualisation
of the behaviour of the material in different conditions. At low strain rates and in
isothermal conditions, tensile strength, uniform elongation and absorbed energy
are temperature and strain rate dependent. However, specimen geometry and other
parameters related to the experimental setup and test environment do not affect
2The Voce law, rather than the Johnson-Cook model, is used to describe the material behaviour at
reference conditions because it makes a slightly better prediction of uniform strain.
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the obtained value. A similar conclusion can be drawn for adiabatic conditions,
albeit that here, next to the intrinsic mechanical properties, also the thermal material
properties (thermal capacity and Taylor-Quinney coefficient) are intervening. On
the other hand, the strain rate values below which isothermal and above which
adiabatic conditions can be assumed are clearly dependent on the experimental
configuration and environment. From figure 5.11, it is clear that specimen geometry
is of major importance. A very short specimen, such as GL5, easily dissipates heat
by conduction through its edges and, therefore, its temperature will only increase at
high strain rates. The energy graph shows that for the GL5 geometry the transition
between isothermal and adiabatic conditions happens between approximately 0.01
and 3 s−1. However, in a longer specimen as GL110, the rate of heat dissipation
towards the end of the sample is lower (as consequence of the lower temperature
gradient) and, therefore, the heating of the material is more pronounced at lower
strain rates than in the shorter specimen. Indeed, the energy graph shows that the
transition between isothermal and adiabatic conditions takes place between 0.0001
and 0.02 s−1 in the GL110 specimen. It is also important to remark that for standard
test specimens (GL50) in normal test conditions, isothermal conditions can only be
guaranteed below 0.0001 s−1, a value considerably lower than 0.05 min−1 (approx-
imately 0.0008 s−1), which is the minimum suggested by the ASTM standard [1]
for testing when determining tensile strength, and much lower than the strain rates
usually employed when testing other metals such as steel.
It is noticed that during the transition between isothermal and adiabatic con-
ditions in the (εu, σu) diagram, the stress value is almost constant; variations of
strain rate only affect the uniform strain. In the isothermal region, ultimate strength
increases considerably with strain rate, and slightly less at adiabatic strain rates.
The role of the surrounding medium and initial temperature is also represented in
the figure. Due to the higher capacity of the cooling liquid to dissipate the heat
generated in the specimen, the isothermal-adiabatic transition is shifted to higher
strain rates in the (ε˙, U) diagram. In the case of the GL110 specimen, the transition
takes place in the 0.005− 1 s−1 range when the test is performed inside the fluid,
an increase of strain rate of a factor 50 compared to air. It is also observed that the
effect of initial temperature on the tensile strength is more pronounced than on the
maximum uniform strain.
5.5 Finite element modelling of tensile tests
Previous sections show how to use experimental data to fit the parameters of
phenomenological models in order to represent the tensile behaviour of Ti-6Al-4V,
strongly dependent on strain rate and temperature. These models give an expression
for the constitutive behaviour of the material that, when used in a finite element
model, can be used for the simulation of complex structural problems.
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As an example, and also as an additional validation of some assumptions previ-
ously made, the Johnson-Cook model obtained in section 5.3.3 is used for two finite
element simulations of tensile tests. The main objectives of these simulations are to
verify the assumptions made regarding the temperature evolution in the specimen
and to evaluate the suitability of the obtained Johnson-Cook model for simulating a
complete experiment.
5.5.1 Model definition
The chosen experiments correspond to tensile tests using the GL50 specimen at
strain rates of 5.00·10−2 s−1 and 6.67·10−5 s−1 in normal laboratory conditions. As
discussed in section 5.4.1, these tests are not isothermal, neither adiabatic. Therefore,
a fully coupled thermo-mechanical analysis is performed, using Abaqus/Explicit.
The plastic behaviour of the material is defined by the Johnson-Cook model with
parameters given in table 5.III. The Johnson-Cook damage model (section A.4)
discussed in [6] is used to simulate the final fracture of the specimen.
Boundary conditions considered consist on symmetry along the two longitudinal
planes, so that only one fourth of the specimen has to be analysed in the model,
an encastrement limiting all the degrees of freedom in one of the sample grips,
and constant velocity in the longitudinal direction applied to the other grip. Both
grips are modelled as undeformable solids These conditions match the ones of the
experiment, where the grips of the specimen are clamped to the machine and a
constant velocity is imposed to the cross-head displacement.
From the point of view of thermal properties, it is considered that the grips
of the sample stay at room temperature (30◦C), while the rest of the specimen is
heated with an energy corresponding to a fraction of the plastic work, as defined
by the Taylor-Quinney coefficient. This heat is partially dissipated by conduction
towards the grips. In the test at 6.67 ·10−5 s−1, natural convection is also considered
using a film coefficient dependent on temperature, calculated using the plate model
explained in section A.3. Heat dissipation by convection is negligible in the test at
higher strain rate, so it is not considered in the model.
The model is solved dividing the (fourth part of the) specimen in several par-
titions: quadratic elements with reduced integration are used in the gauge-length
of the specimen, while the “shoulders” of the sample are meshed using coarser
hexagonal elements. The high gradients after the onset of necking make it necessary
to have a high number of elements around the region where localisation takes
place, so smaller elements are used in the central zone of the gauge length. Since
it is assumed that the grips of the sample do not suffer any deformation, these are
modelled as simple rigid solids. The mesh used in the Abaqus simulations is shown
in figure 5.12.
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Figure 5.12: One half of the finite element mesh used in the simulations, composed of a total of 16253 elements,
with 2 elements along the thickness direction
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Figure 5.13: Abaqus simulations of tensile tests. The graph compare the simulated true strain–true stress curves
with the experimental ones, and the temperature of a node in the center of the specimen with the prediction of
temperature of the unidimensional thermal model presented in figure 5.9
The problem is solved using the coupled thermo-mechanical solver of Abaqus/-
Explicit. The simulation is divided in three steps: the first one uses a few relatively
large time increments during purely elastic deformation, the second one uses shorter
time increments for plastic deformation and, finally, very small time increments are
used for the simulation of the fracture process during the final stages of the test.
5.5.2 Simulation results
Figure 5.13 shows the true tensile curves obtained in both simulations compared
with the experimental ones, and the the evolution of temperature predicted by
Abaqus compared with the one obtained using the unidimensional thermal model in
section 5.3.3. The model sucessfully predicts the behaviour of the material during
uniform deformation for both experiments, and the temperature predicted also match
the one expected from the unidimensional thermal model. However, it is observed
that, beyond uniform deformation, the model does not provide a good estimation of
stress.
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Divergencences in simulation and experiment during non-uniform plastic defor-
mation are attributed to the incapacity of the model obtained using uniform strain
to simulate experiments of different conditons for which it was fitted. Nevertheless,
it provides an useful estimation of real behaviour and, qualitatively speaking, it
reproduces accurately the deformation process in the material. In particular, figure
5.14 shows that the model is capable of reproducing the instability that takes place
after uniform deformation, predicting the necking of the material and the formation
of bands of highly deformed material at approximately 54 degrees.
Figure 5.14: Fracture process simulated in Abaqus compared with the frames of high-speed video recorded
during the experiment
Figure 5.15 shows the spatial distritbution of temperature in the specimen and
its evolution during the two tests. The temperature is not completely uniform even
during the first stages of plastic deformation, due to the heterogeneous distribution
of heat loses as consequence of the geometry of the sample. This phenomenon
is accentuated when the strain rate is increased, as it can be observed when the
results of both simulations in figure 5.15 are compared. Indeed, both the temperature
reached and its level of localisation are increased at higher strain rate. This increment
is the result of the higher plastic work due to strain rate hardening and the incapacity
of dissipating heat in a short time.
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Polycrystal modelling of Ti-6Al-4V
A model’s just an imitation of the real thing.
– Mae West
The phenomenological hardening models presented in chapter 5 are not able to
capture the influence of microstructure and texture on the mechanical behaviour of
the material and, in particular, the anisotropy of this behaviour. Polycrystal models,
which provide a link between the microstructure of the material and its mechanical
behaviour, are better suited tools for the simulation of processes where anisotropy
and material texture play an important role. However, the modelling of Ti-6Al-4V
presents a serious challenge, due to the complexity of the material (with two phases,
one of them hexagonal), the activation of several deformation modes, including slip
and twinning systems, and the influence of factors as strain rate and temperature on
its mechanical behaviour.
6.1 Introduction
Several studies have already covered the topic of the polycrystal modelling of Ti-6Al-
4V, using VPSC or other models. However, as can be seen in section 2.4, there are
aspects that still remain open for discussion, such as the relative importance of the β
phase or the activation of twinning in the behaviour of the material. Moreover, very
few studies discuss the applicability of the obtained model to problems for which it
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was not specifically fitted, so its validity under different conditions is questionable
and, therefore, its utility limited. The search for more effective methods to fit and
validate model parameters is always an ongoing effort in the modelling community.
In this chapter, the VPSC model is applied to the simulation of the plastic
deformation of Ti-6Al-4V. The main goal is to be able to reproduce the behaviour
of the material under a wide range of conditions, using a relatively simple model.
Some of the measures that have been taken in order to simplify the model include
considering only the alpha phase, neglecting deformation by twinning, and applying
symmetry to the textures obtained experimentally (all these assumptions are dis-
cussed in the next sections). Furthermore, the experiments used for parameter fitting
are limited to tensile tests at moderate strain rates. After fitting the parameters, the
model obtained is validated performing simulations corresponding with various
experiments (either in a single material point or in combination with Abaqus),
including dynamic tensile tests, shear experiments, and tensile experiments in bulk
material, with a texture different from the one of the material used in the fitting
process. The whole procedure is shown in the scheme of figure 6.1.
ABAQUS 
Moderate strain 
rates tensile tests 
 Sheet material 
Fitting procedure 
VPSC90 
Dynamic tensile 
tests (SHTB) 
 Sheet material 
Shear tests 
 Sheet material 
Tensile tests 
 Bulk material 
Material 
model 
Figure 6.1: Fitting and validation of the VPSC model for Ti-6Al-4V: after the model parameters are fitted using
tensile experiments at moderate strain rates in sheet material, the model is validated using experiments in different
conditions (dynamic strain rates, shear deformation), and a different material (extruded bar), including simulations
with the standalone version of VPSC90 and in combination with Abaqus
6.2 Material definition
The first decision to make in order to define a model for the material is the number
of phases to consider. Although Ti-6Al-4V is obviously a multiphase material, and
there is some slip in the β phase during plastic deformation, its contribution to the
overall behaviour of the material is relatively small [1]. For this reason, neglecting
the contribution of the β phase has become a common practice when modelling
the behaviour of Ti-6Al-4V [2–4]. Due to the low amount of Ti-β present in the
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particular alloy considered here (of only a 4%, as seen in chapter 4), it is considered
safe to apply this simplification.
The characteristics of the α phase of Ti-6Al-4V are extensively discussed in
section 2.1. The input data needed by VPSC are the relative dimensions and angles
of the crystallographic cell, the elastic stiffness tensor, and the definitions of the
plastic deformation modes and their corresponding hardening laws, as well as data
for grain shape, crystallographic orientations and volume fractions corresponding
to the initial state of the material.
6.2.1 Deformation modes
The different deformation modes of Ti-α are treated in detail in section 6.2.1. The
slip, basal, and pyramidal <a> and <c+a> slip systems are considered in the
material model.
Twinning is also an important deformation mechanism of Ti-6Al-4V under
certain loading conditions. Deformation by twinning becomes significant at high
strain rates or in compression load modes, while the twinning fraction observed after
tensile deformation at moderate strain rates is very low [5, 6]. Moreover, there are
several practical difficulties in order to perform an accurate description of twinning:
the measurement of the twinning fraction is troublesome, due to the difficulty of
identifying totally reoriented grains as twins; and the treatment of twinning in VPSC
(see section 2.3.3.3 and [7]) introduce randomness in the response of the model and
depends on several additional parameters, increasing the complexity of the problem.
Since the experimental data used for parameter fitting corresponds to tensile
tests at moderate strain rates, the contribution to deformation by twinning is not
expected to be substantial, and therefore is not considered valid to fit twinning
parameters. Therefore, only slip deformation modes are taken into account in the
material model. Nevertheless, models without twinning deformation modes can
provide a good estimation of the mechanical behaviour of the material for a wide
range of conditoins (see, for example, [4, 8]).
6.2.2 Mechanical parameters
All the input parameters of VPSC related to the mechanical response of the material
are referred to individual grains. These parameters define both the elastic and
viscoplastic behaviour of a single crystal.
Elastic behaviour is assumed to be isotropic in the Ti-6Al-4V model. This
is of course an approximation, but it is considered valid for the study of plastic
deformation because, at this stage, the relative importance of elastic deformation
becomes very small. Since the Young modulus and Poison ratio are known from
tensile experiments (117109 MPa and 0.34, respectively), the elastic stiffness tensor
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needed as input by VPSC can be easily calculated with the standard formulation for
an isotropic stiffness tensor using Lame´ constants.
Strain hardening of the material is represented in the model by a hardening law
for each of the slip systems, that determines the critical shear stress as a function
of the accumulated deformation (section 2.3.1). The extended Voce law used in
VPSC is defined by four parameters. Additionally, each deformation mode has
associated a strain rate sensitivity exponent (denoted by n in equation (2.7)). All
these parameters are fitted using tensile experiments and a numerical method, as
described in section 6.3.
6.2.3 Material texture
In order to perform simulations with two kinds of material products, rolled sheet
and extruded bar, it is necessary to provide VPSC with input files specifying the
initial shape of the grains (assumed to be an ellipsoid with an aspect ratio and
orientation) and their crystallographic orientation. This data is extracted from
the EBSD measurements discussed in chapter 4, applying some simplifications
discussed below.
Regarding grain shape, there are two possible approaches: to consider the shape
of each grain individually or to assume an average shape for all the grains. The
latter has the inconvenience of its high computational cost, because the number of
Eshelby problems to solve increases proportionally with the number of grains, as
explained in section 2.3.3.3. For this reason, although the experimental data does
not reveal a completely homogeneous shape distribution (see figures 4.4 and 4.5), it
is considered that the differences observed do not justify the cost associated to a
solution based on individual grain shapes. Instead, the aspect ratio of all the grains
is calculated using the average dimensions given in table 4.III.
The initial crystallographic orientation of the grains is extracted from the tex-
tures obtained with the EBSD technique presented in section 4.2.2 (figures 4.6 and
4.8). However, for practical reasons, instead of using the measured textures directly
as VPSC input, this data is subjected to some processing (using mtex [9]). Assuming
orthorhombic specimen symmetry, the ODF corresponding to the measured data
(consisting in more than a million of orientations) is calculated, and is then used to
generate a discrete texture of only 1000 orientations. The discrete textures obtained
with this method for the rolled sheet and extruded bar materials are shown in figure
6.2, together with the pole figure generated from them, for comparison with the
ones obtained from the measured textures presented in figures 4.6 and 4.8.
The usage of symmetric textures allows to simplify the solution of several
problems, since it implies that the macroscopic behaviour of the material is also
symmetric. This supposes an important advantage in Abaqus simulations, because it
permits to divide the complexity of the problem by two for every plane of symmetry.
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Figure 6.2: Initial texture for Ti-6Al-4V used in VPSC simulations. The three pole figures on the top correspond
to the texture used in the simulations with rolled sheet material and the three ones on the bottom to the ones with
bulk material. The textures have been obtained processing the EBSD measurements presented in chapter 4 to apply
orthorhombic specimen symmetry and reduce the number of orientations to 1000. The 1000 discrete orientations are
shown in the top half of the pole figure, while the corresponding continuous distribution is shown at the bottom
It is remarkable that orthorhombic symmetry is considered for both the rolled sheet
and the extruded bar products. Although orthorhombic symmetry is commonly
found in rolled sheet material, this is not the case for extruded bars, where axial
symmetry would be a more plausible assumption. However, the use of orthorhombic
symmetry has the advantage that it allows to judge the effect of certain asymmetry
in the material response, while still allowing to use a symmetric model.
6.3 Fitting of model parameters
The parameters needed for the model are extracted using experimental data from
tensile tests. The goal of the fitting process is to determine the set of material
parameters that produces the most similar tensile curves to the ones obtained
experimentally. The parameters that need to be found are the strain rate exponent
and the four parameters of the Voce law for each of the four deformation modes
considered (see section 6.2.1), making a total of 20 parameters.
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6.3.1 Input data
The experimental results used for the fitting are discussed in detail in section 2.2.1
and the rest of chapter 5. In addition to experiments performed with the GL50
specimen at strain rates of 8.00 · 10−5, 5.00 · 10−2 s−1 and 5.00 · 10−1 s−1, an
experiment at 6.67 · 10−4 s−1 performed with the GL5 specimen is employed.
More details about this particular experiment can be found in [10]. A particularity
of this experiment is that strain was measured using Digital Image Correlation
(DIC). Since DIC provides a local measurement of strain, there is valid data for
this experiment up to levels of strain close to fracture (ε ≈ 50%), much higher than
in the other experiments, where only the region of uniform strain can be used for
the fitting (ε < 10%). Data at high strains is very valuable in the determination
of the hardening model: the θ0 and θ1 parameters of the Voce law do not have a
significant effect on the shape of the curve at low strains, but become important
with large deformations.
Temperature is not taken into account in the standalone version of VPSC90.
Therefore, the curves used for the fitting are the isothermal virtual curves obtained
in section 5.3.2 and shown in figure 5.6, instead of the measured ones. The data
of the experiment at 6.67 · 10−4 s−1 with the GL5 specimen does not need to be
corrected, since figure 5.11 shows that with this specimen and strain rate the process
is isothermal.
6.3.2 Modelling of tensile tests
Tensile experiments are simulated with VPSC90 using a combination of strain
and stress boundary conditions. It is assumed that the components of stress in
the transversal and normal directions are zero, in order to satisfy the condition of
uniaxial tension. Stress is constrained to zero also in the two shear components in
the normal direction, in order to guarantee conditions of plane stress.
6.3.3 Fitting procedure
The parameters are fitted in several stages, using different sets of data to fit different
parameters, independently or simultaneously. The process is partially automatised
using a Python script. This script builds input files for VPSC based on experimental
data and an input template file (similar to VPSC input files), and calls the stand-
alone version of VPSC90 to perform simulations with variable parameters. Then, it
compares the results with experimental data and a least-squares algorithm finds a
new guess for the parameters that minimises the residual resulting from subtracting
both curves. The process is repeated iteratively until the solution converges to a min-
imum. The minimisation method employed is the Levenberg–Marquardt Algorithm
(LMA), that interpolates between the Gauss–Newton algorithm and the method
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of gradient descent. There are several implementations available of this algorithm,
the one used here is the one found as part of the scipy.optimize.leastsq
Python package (which, internally, uses MINPACK).
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Read experiments and 
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files 
Output 
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Experiment 1 Experiment n Experiment 2 
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Input 
files 
Output 
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Input 
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Figure 6.3: Block diagram that shows how the Python script used to fit the material parameters (fitsx.py) reads
experimental data and a template file to generate input for VPSC based on a guess of the parameters and, after
running a VPSC90 simulation for each of the experiments, calculates a new guess for the parameters based on the
error between simulated and experimental curves using the Levenberg–Marquardt algorithm
The LMA is effective to find a local minimum, but this is not necessarily the
global minimum. This implies that the technique is sensitive to the initial values of
the parameters. For this reason, the Python script cannot be used straightforwardly
to find the desired parameters. Instead, it is used just as a tool in the framework of a
more general strategy. The main steps of this strategy are:
1. An initial guess for the strain rate exponents is obtained based on the strain
rate sensitivity measured in section 5.3.2. Initial values for the Voce law
parameters are approximated by simple trial and error and visual inspection.
2. All the parameters are fitted using the three curves at lower strains (specimen
GL50).
3. The parameters τ0 and τ1 are fitted independently of the others using only
the first points of the tensile curves.
4. The values for θ0 and θ1 are fitted adding the GL5 experiment, with data at
larger strains.
5. All the parameters are fitted again, now using all the curves.
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The process is repeated until a convergent solution is found. In addition to fol-
lowing these main steps, some perturbations are introduced randomly, for example,
removing some parameter or some of the curves from the fitting, or altering the
parameters arbitrarily. In total, several thousands of simulations are run to complete
the fitting process.
6.3.4 Results
The final set of parameters obtained is given in table 6.I. The θ1 parameter is fixed to
zero after observing that the values obtained are consistently very low, and therefore
negligible. It is also remarkable that the τ1 and θ1 parameters of the two pyramidal
systems do not have a noticeable influence on the results, independently of the other
parameters. This happens because the activity in these slip systems decreases with
strain for the given material and loading direction, as discussed below.
The tensile curves obtained with the final set of parameters are compared with
experimental results in figure 6.4. A very good fitting between experimental and
simulated curves is observed in the four experiments. The model is able to capture
the hardening behaviour of the material as well as its strain rate sensitivity.
Deformation mode n τ0 τ1 θ0 θ1
Prismatic 88 390 149 0 0
Basal 81 427 46 170 0
Pyramidal <a> 124 457 852 350 0
Pyramidal <c+a> 76 549 657 1040 0
Table 6.I: VPSC parameters for Ti-6Al-4V at 30◦C
Figure 6.4 also shows graphs of the activity of each of the four active slip
systems. The model predicts that most of the deformation is accomodated by the
prismatic slip system, followed by the basal system. The two pyramidal systems
have approximately a similar activity. The activity percentage in these two activity
systems decreases with strain, passing the deformation to be accomodated by the
prismatic system, which increases. The activity on the basal system, on the other
hand, remains practically constant during the experiment. The low activity observed
in the pyramidal systems make some of the parameters of the Voce law of this
system irrelevant to the results, and therefore they cannot be accurately fitted using
the current set of experiments.
P O LY C RY S TA L M O D E L L I N G O F T I - 6 A L - 4 V 6-9
0
200
400
600
800
1000
1200
1400
0 2 4 6 8 10
σ
(M
P
a)
0.50000 s−1
0.05000 s−1
0.00067 s−1
0.00008 s−1
0
PRI 50
0/100
BAS 50
0/100
PYA 50
0/100
PCA 50
100
0 2 4 6 8 10
S
li
p
sy
st
em
s
a
ct
iv
it
y
(%
)
ε (%)
0
200
400
600
800
1000
1200
1400
0 10 20 30 40 50
0.00067 s−1
0
50
0/100
50
0/100
50
0/100
50
100
0 10 20 30 40 50
ε (%)
Figure 6.4: Comparison of experimental (black points) and simulated (colour lines) tensile curves. The graphs at
the bottom show the relative activity in each of the four slip systems in the material, in four stacked graphs going
from 0 to 100% (the slip systems are designated: PRI for prismatic, BAS for basal, PYA for pyramidal<a>, and
PCA for pyramidal<c+a>)
6.4 Validation of mechanical behaviour
In order to determine if the obtained model can be applied to more general processes
than those used in the fitting, the model is used for the simulation of several experi-
mental tests. An experiment at high strain rate is simulated to determine if the strain
rate sensitivity of the model (determined at moderate strain rates) can be extrapo-
lated for impact loading. Different deformation modes are studied simulating a shear
specimen with a finite element model. In this experiment, there are regions of the
specimen subjected to tension, compression and, of course, shear stresses. Finally,
simulations are performed using a different initial texture to simulate experiments
performed with specimens extracted from a rounded bar.
6.4.1 Dynamic tensile test
Section 5.3.2 shows that the strain rate sensitivity of Ti-6Al-4V is independent
of strain rate for the range of strain rates considered in this study, including the
high strain rates achieved in the SHTB tests. Therefore, if the input data to fit the
parameters model is able to capture the strain rate sensitivity of the material, the
obtained model should be able to predict the behaviour of the material also at high
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strain rates. A simulation of a high strain rate experiment in the SHTB setup is
performed to confirm this hypothesis.
Although in the experiments using the SHTB setup presented in section 5.2.4
there is some variation of strain rate during the experiment, in the simulation a
constant strain rate is considered. The differences caused by this simplification are
not expected to be significative, taking into account the amount of experimental
scatter in these experiments. As in the simulations of tensile tests performed during
the fitting process, boundary conditions of uniaxial tension and plane stress are
imposed with a combination of strain and stress constraints. The material used for
the fabrication of the GL5 specimens used in the dynamic tests is the same rolled
sheet used for the GL50 specimens used in the quasi-static tests, so the same texture
presented in figure 6.2 is used as initial texture.
Results of the simulation, performed using the standalone version of VPSC90,
at a strain rate of 1000 s−1, are compared with the true strain – true stress curve
corresponding to the experiment at an average strain rate of 1007 s−1 in figure 6.5.
The experimental curve has been corrected assuming adiabatic heating (see figure
5.6 and section 5.3.2). It is observed that, except in the first region of the curve, the
model shows a very good correspondence with the experimental results.
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Figure 6.5: Comparison of experimental (black points) and simulated (orangered line) of high strain rate tensile
curves. The graphs also show the simulated curve of the experiment at 0.00067 s−1, for comparison, and the
relative activity in each of the four slip systems in the material (shown in four stacked graphs going from 0 to 100%)
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6.4.2 Shear experiment
A shear experiment in thin-sheet material is simulated in order to determine the
validity of the material model for different modes of deformation. The specimen
geometry used in the experiment is especially designed to guarantee (almost) pure
shear in the central region of the specimen. However, in other regions of the sample
other deformation modes are present, including tension and compression. A finite
element analysis provides a spatial solution that allows to observe these differences.
The experiment simulated is quasi-static, with a specimen in which its axis
is aligned with the rolling direction of the material. Due to the small size of the
specimen, it is held in the tensile machine using two short aluminum bars. During the
test, a constant velocity of 0.2 mm/min is imposed to the top part of the specimen,
while the bottom part is fixed to the machine through the aluminum part.
6.4.2.1 Model definition
The simulation is performed using Abaqus/Standard and the VPSC material model.
In order to reduce the computation time needed to solve the problem, part of the
specimen is modelled using a simpler Johnson-Cook material model in the region
where only elastic deformation is expected. Although an elastic model would
produce the same result, an elasto-plastic model is used in order to validate that
plastic strain is indeed zero.
Only half of the specimen is modelled in Abaqus, and symmetry boundary
conditions are imposed in the plane perpendicular to the normal direction. Also, a
constant speed is imposed to the top face of the specimen to match the conditions
of the experiment. The mesh used, represented in figure 6.6, is composed of a total
of 3688 C3D8R elements, of which 1716 use the VPSC model and the rest use
Johnson-Cook.
Figure 6.6: Mesh for shear specimen: with two elements across half of its thickness, the mesh consists of a total
of 3688 elements, of which 1716 (marked in red in the image) use the VPSC model, and the rest a simpler
Johnson-Cook plasticity model
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6.4.2.2 Results
Figure 2.19 shows the force displacement curves obtained in the experiment and in
the simulation with Abaqus and a VPSC material model.
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Figure 6.7: Comparison of displacement – force curves from a quasi-static shear experiment and the
corresponding simulation
Figure 6.8 compares the shear strain output of a shear experiment (with DIC
output) and a simulation using the Johnson-Cook model given in [10], and the
simulation described here. The experiments and the Johnson-Cook simulation refer
to high strain rate experiments, and therefore they are not directly comparable with
the simulation of a quasi-static experiment. However, it is possible to perform a
qualitative comparison of both results.
It is observed in figure 6.8 that the results from both models and the experi-
ment are comparable. The differences around the notches are attributed in [10] to
difficulties for the DIC method used to calculate the strain correctly in that region.
There are also some small differences between the Johnson-Cook and the VPSC
simulations. However, this variation is probably due to differences in the meshes
used. Indeed, while the simulations in [10] use a very fine mesh because the goal
of those simulations is precisely to design a specimen geometry (and therefore
stress concentration around the notches is of paramount importance), in the simu-
lations with the VPSC model a relatively coarse mesh is used in order to reduce
computation time.
Using the VPSC material model in combination with Abaqus, it is also possible
to obtain texture output that indicates the evolution of the material. In figure 6.9, it
can be seen how shear deformation affects the texture of an element approximately
in the centre of the region of pure shear. It can be observed in the figure how the
texture becomes sharper during the experiment.
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Figure 6.8: Comparison of DIC measurement of shear strain in a shear experiment (left column), simulation with
Abaqus using the Johnson-Cook model in [10] (center) and the VPSC material model (right)
90 s
180 s
300 s
Figure 6.9: Evolution of texture in shear sample. The graph in the left shows the average crystallographic
rotation (over all the grains) in the specimen. At right, pole figures representing the texture of one element around
the centre of the specimen (indicated in red in the left image) at serveral times
6.4.3 Cylindrical specimens
Tensile tests performed using two cylindrical specimens (section 2.2.1.4) are simu-
lated using Abaqus and VPSC90. These simulations are a greater challenge for the
model, due to the different texture of the extruded bar compared to the thin sheet.
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The experiments simulated, described in detail in [10], correspond to quasi-
static tests in which a constant engineering strain rate of 0.001 s−1 is imposed
applying a constant velocity to one of the ends of the specimen. In the experiment
performed with the LD specimen (figure 2.18) the loading direction coincides with
the longitudinal direction of the bar, while in the experiments with the TD specimen
(also in figure 2.18) the material is loaded in the transversal direction of the bar.
These specimens were manufactured cutting the bar and using friction welding, as
explained in [11].
6.4.3.1 Model definition
Since the specimen and applied boundary conditions are symmetric along three
symmetry planes, and the initial texture is symmetric too, only one eighth of the
specimen is modeled in Abaqus. The models for both specimen geometries use a
total of 1638 C3D8R elements, of which 240 elements are defined with a VPSC
material model and the rest with a Johnson-Cook plasticity model. The meshes are
shown in figure 6.10. The boundary conditions are applied imposing a constant
speed to the grip zone of the specimen, which is modelled as a rigid solid.
Figure 6.10: Mesh used for the LD specimen (left) and TD specimen (right). Each mesh consists of a total of
1638 elements, of which only the 240 elements in its gauge length use the VPSC model. The reamining elements are
modelled using Johnson-Cook
6.4.3.2 Results
The engineering diagrams obtained in the simulations are compared to the experi-
mental curves in figure 6.11. It is observed that, although the model captures the
onset of plastic deformation well, it does not give a good estimation of stress in
the sample during plastic deformation, specially in the case of the TD specimen.
This difference is attributed to a bad fitting of the hardening parameters of the
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pyramidal deformation modes. Indeed, figures 6.12 and 6.13 show higher activity
in the pyramidal deformation modes in the TD specimen
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Figure 6.11: Comparison of engineering tensile curves of simulations and experiments with the LD and TD
specimens and a strain rate of 0.001 s−1
It is also useful to compare the response of the material in two different ori-
entations, comparing the results of the LD and the TD specimens. The model
sucessfully predicts higher resistance to deformation in the transversal direction,
while the longitudinal direction of the bar is a preferred orientation for tensile
deformation.
The influence of the symmetry (or lack of axial symmetry) in the initial texture
of the material can be observed in figure 6.14. These graphs show the distribution
of strain in the specimen in two transversal directions. A clear difference can be
observed between both components of strain even in the LD specimen. Indeed, as a
consequence of asimmetry in the texture, the specimen does not deform homoge-
neously. This result can also be observed in the r-value graph of figure 6.15 (the
r-value should be one in a perfectly axisymmetric specimen). Of course, the r-value
is very far from one in the simulation with the TD specimen, because the difference
between the behaviour of the material in the longitudinal and transversal directions
of the bars is much more pronounced.
6.5 Discussion
The fitting procedure used achieves a good correspondence between model and
experiments. However, the model is limited by the experiments used to fit its param-
eters. Several modes of deformation are not influential in the kind of experiments
used (notably, slip in the pyramidal slip systems and twinning) and therefore an
accurate fitting of the whole model is not possible. Nevertheless, the simplicity of
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Figure 6.12: Slip system activity in LD sample. From left to right, the graphs correspond to different time steps,
in which the shear strain in the central region is approximately 5%, 15% and 25%. The four graphs in the top row
show the equivalent strain, while the other for rows represent the relative activity of the different slip systems
considered
the approach used (requiring only tensile experiments) justifies studying its validity
for a wider range of applications.
Experiments at different strain rates are used for the fitting. As section 5.3.2
shows, the strain rate sensitivity of the material is not dependent of strain rate for
the wide range of strain rates used in quasi-static and dynamic tensile experiments.
For this reason, it is expected that the model is able to capture the sensitivity of the
material to strain rate. It is observed that a very good matching is obtained, even
though twinning deformation modes are not considered in the model.
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Figure 6.13: Slip system activity in TD sample. From left to right, the graphs correspond to different time steps,
in which the shear strain in the central region is approximately 5%, 15% and 25%. The four graphs in the top row
show the equivalent strain, while the other for rows represent the relative activity of the different slip systems
considered
A shear experiment is modelled using a finite element simulation, in order to
determine the capacity of the model to handle different stress conditions. In some
regions of the specimen there is compression, and in other ones tension. Again, the
model makes a good job predicting the behaviour observed experimentally.
The model is also applied to simulations of experiments performed in a different
material, with cylindrical specimens extracted from a extruded bar. This is consid-
ered in the model using a different initial texture. The simulation makes a good
job predicting the onset of plastic deformation and, in the case of the material in
6-18 C H A P T E R 6
εII (LD) εIII(LD)
εII (TD) εIII(TD)
Figure 6.14: Deformed shape of cylindrical specimens (LD at top and TD at bottom) simulated with Abaqus and
VPSC and components of strain secondary and ternary principal strains, εII and εIII . The modelled region of the
specimen is mirrored and a scale factor of 4 is applied to the deformed shape in order to show better the features of
the deformed shapes
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Figure 6.15: R-value in simulations of tensile tests with cyclindrical specimens, measured in a point of its middle
cross section
the rolling direction, also in the region of uniform strain. However, the model fails
at higher levels of strain, due to the importance of pyramidal slip at these stages,
specially when the material is oriented in the transversal direction. Nevertheless,
the model serves to make a qualitative estimation of the influence of initial texture
on the behaviour of the material.
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7
Conclusion and perspectives
Correlation doesn’t imply causation, but it does waggle its eyebrows
suggestively and gesture furtively while mouthing “look over there”.
– Randall Munroe. http://xkcd.com/552/
7.1 Overall Conclusion
The modelling of Ti-6Al-4V plastic deformation has been studied in this work. An
extensive literature review about the fundaments of the topic discussed and previous
studies in the field has been performed, different experiments have been carried out
to characterise the material, and several analysis and modelling techniques have
been developed and applied to the simulation of experimental tests.
The most important conclusions that can be extracted from this study are dis-
cussed in the next sections.
7.1.1 Plastic deformation of Ti-6Al-4V
Plastic deformation of Ti-6Al-4V is a complex phenomenon, due to the interaction
of several processes at the microscopic scale and the influence of external factors.
The behaviour of the material is mainly determined by the properties of its hexagonal
Ti-α phase. As a result, Ti-6Al-4V shows an anisotropic behaviour, dependent on
material texture. The mechanical behaviour is also highly affected by strain rate
hardening and thermal softening.
7-2 C H A P T E R 7
7.1.2 Tensile testing of Ti-6Al-4V: strain rate dependence and
thermal effects
Tensile test have been performed at moderate temperatures and in a wide range
of strain rates, including quasi-static and dynamic experiments. The range of tem-
peratures studied, from −10◦C up to 70◦C, despite their practical relevance, had
not been addressed in detail in previous studies. The experiments confirm that
Ti-6Al-4V exhibits a strong sensitivity to strain rate and temperature, and allow to
quantify this effect.
In the analysis, emphasis is put on the thermal conditions of the experiments and
the parameters involved. The pronounced thermal softening of Ti-6Al-4V, combined
with its high specific heat and low heat capacity and density, makes it deform in
non-isothermal conditions at relatively low strain rates when compared with other
engineering materials such as steel. The large influence of thermal softening in
the material behaviour also enforces the theory which explains the formation of
adiabatic shear bands during the last stages of deformation as a thermal phenomenon,
without the need for additional softening mechanisms such as recrystallization.
Two phenomenological laws have been used to model the material behaviour
during uniform deformation. The Johnson-Cook model and the Voce law (extended
to account for temperature and strain rate sensitivity using the respective terms of
the Johnson-Cook model) have been used in combination with a thermal model to
simulate tensile tests. This thermal model predicts the temperature evolution in a
tensile specimen taking into account conduction and convection heat losses and
heat generation in the material. The mechanical response measured experimentally
is accurately reproduced by the models.
Based on these models, a conceptual framework has been proposed to assess
whether or not a deformation process can be considered adiabatic or isothermal,
and has been used to determine the strain rate limits for adiabatic and isothermal
conditions for different specimen geometries and environmental conditions. Dia-
grams representing (εu, σu) and (ε˙, U) have been introduced as a useful tool in the
visualization of the material behaviour under several conditions. It has been shown
that tensile tests with standard specimens in normal conditions should only be
considered isothermal at strain rates below 0.0001 s−1, a value considerably lower
than usually assumed. At strain rates slightly higher than 0.01 s−1, the process
will already take place under adiabatic conditions. In the strain rate range between
the isothermal and adiabatic limit, the obtained experimental results are not only
representative for the material behaviour, but are additionally affected by parameters
related to the setup. Knowledge of these limits is consequently of major importance.
The obtained models have also been used to perform finite element simulations
of tensile tests. These simulations confirm the assumptions made concerning the
thermal behaviour of tensile samples. They also serve to show the main limitation
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of phenomenological models: they are tightly coupled to the input data used to fit
their parameters.
7.1.3 Polycrystal modelling of Ti-6Al-4V plastic deformation
A crystal plasticity based model, VPSC, has been applied to the simulation of
Ti-6Al-4V plastic deformation. Different experiments have been used for the fitting
of the model parameters and its validation.
The first step has been to develop a new implementation of the VPSC model
with better performance and better suited for its integration with finite element
software, in order to be able to perform Abaqus simulations using a VPSC material
model in an efficient way. When compared to previous implementations, VPSC90
produces similar results with a much better performance. The capacity of running
simulations in Abaqus with a VPSC material model using parallel computers opens
the possibility of performing full-scale crystal plasticity analyses.
A framework for fitting the VPSC parameters using tensile experiments and
VPSC90 has also been presented. Using a semi-automatic procedure, thousands of
simulations are run to find the set of parameters that produce the best fit with the
experimental data. This model has later been tested in several simulation processes
corresponding to different experiments.
The model is capable of reproducing the behaviour of the material not only
in the conditions of the experiments used for the fitting, but also at other strain
rates and with other deformation modes. The model is also capable of making an
estimation of the behaviour of a similar material with another texture, although with
limited capacity. This limitation is attributed to the reduced amount of input data,
which is not useful for a proper fitting of some of the parameters.
7.1.4 Analysis and modelling techniques
As mentioned in the introduction, one of the goals of this thesis is the development
of new techniques for the analysis and modelling of material behaviour. The most
important achievements in this area include:
Framework for the fitting of parameters of phenomenological laws The pro-
cedure used to fit the parameters of the Voce and Johnson-Cook hardening laws is a
novel one. The inclusion of a thermal model makes the method more effective for
the fitting of parameters with non-isothermal experiments. Considering the evolu-
tion of temperature in the sample resulting from heat generation and dissipation is
an important detail in the mechanical testing of materials very sensitive to tempera-
ture (as it is the case for Ti-6Al-4V), but commonly obviated in other studies. The
combination of the Voce law with the Johnson-Cook strain rate and temperature
sensitivity terms is another original solution which has given satisfactory results.
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Framework for the study of thermal conditions An interesting application of
the thermo-mechanical model used for parameter fitting is the characterisation of the
thermal behaviour of different specimens depending on test conditions. The graphs
presented in figure 5.11 present in a clear way a high density of useful data. These
diagrams allow to determine the influence of thermal effects on a tensile experiment
straightforwadly. This information is very valuable data for the characterisation and
modelling of material behaviour.
VPSC90 The development of a crystal plasticity model supposes a difficult chal-
lenge. Crystal plasticity is inherently complex, both from a conceptual point of
view and due to the practical difficulties related to its implementation. Although
VPSC90 still needs further testing, it has proven to be a valid replacement for
former implementations of VPSC, and with a better performance. Furthermore, the
integration of VPSC90 with Abaqus/Standard and the possibility of using parallel
execution will allow a whole new range of problems to be solved in a relatively
short time.
Framework for the fitting of VPSC parameters Complementing VPSC90, a
framework for the fitting of material parameters using experimental data has been
presented. The use of a semi-automatic procedure allows to perform a very high
number of simulations, such that a good fitting can be obtained using numerical
methods.
7.2 Perspectives
There are still many uncertainties regarding the plastic deformation of metals, and
Ti-6Al-4V is not an exception. There is also room for improvement concerning
experimental techniques, plasticity models and analysis tools.
The next sections present some suggestions for future work. In addition to some
guidelines related to the crystal plasticity based modelling of Ti-6Al-4V, some
concrete suggestions related with the future development of VPSC90 are given in
section 7.2.2.
7.2.1 Crystal plasticity based modelling of Ti-6Al-4V
Crystal plasticity modelling is a relatively young topic, and therefore much work
remains yet to be done, not only in the development of more elaborated models, but
also in the evaluation of the existing ones.
A better knowledge of the material is always essential. Further advancement in
the scientific study of micromechanics is of most importance for the obtention and
validation of crystal plasticity models. In the particular case of Ti-6Al-4V, there are
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still open questions such as the influence of the β phase on plastic deformation and
the mechanisms that determine the activation and amount of twinning.
New and improved techniques for experimental characterisation are also in-
dispensable to obtain better models. In addition to developing new experimental
methods, more measurements in current experiments would be desirable. For exam-
ple, DIC data has proven to be very valuable, and in-situ measurements of crystal
magnitudes, such as slip systems activity or crystallographic orientation, would
greatly help to improve existing models, especially their capacity of predicting
texture evolution.
Some more concrete tasks are listed below:
• Evaluation of other plasticity models, such as LAMEL/ALAMEL or CPFEM
models, as well as the combination of crystal plasticity models with multiscale
modelling techniques. Variations of the VPSC model should also be con-
sidered, as for example using other hardening laws (such as the Mechanical
Threshold Stress model) or other linearisation methods.
• Improvement of the level of detail in the model and determine the optimal
level needed to obtain the desired results. Some possibilities in this area
include: increasing the number of orientations in the textures, considering
the β phase, introducing twinning deformation modes, using an anisotropic
elasticity tensor, and taking into account the individual shape of the grains. In
addition to considering individual shapes, an intermediate solution is possible
assigning grains of different sizes to a discrete number of similar phases.
• Use more data for parameter fitting, such as r-values, in-situ measurements
of slip systems activity or main components of resulting textures.
• Optimisation of model parameters not related to material characterisation,
such as tolerances, time incrementation, or element size in Abaqus simula-
tions.
• Further validation of the models obtained, including the development of
standarised techniques to perform qualitative and quantitative comparisons
between different models.
7.2.2 VPSC90
VPSC90 is still new software and, therefore, there are many opportunities to im-
prove it. In addition to further testing and debugging of its different features, some
suggestions for future development are given below:
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• Consider an elasto-viscoplastic behaviour in the constitutive equation of the
grains and to solve the Eshelby problem, instead of considering elasticity
only at the macroscopic level. This would not only improve the accuracy of
the model, it may also help to improve convergence near to the yield region.
• Usage of an implicit scheme for updating the state of the material. The current
explicit scheme makes the model dependent on time step, which is always an
undesirable result.
• Instead of using fixed residuals, calculate them dynamically every time step
or even every iteration, in order to improve the convergence of the method
and make it less dependent on simulation parameters.
• Optimisation of the model using extensive testing, benchmarking and profil-
ing techniques.
A
Analysis and modelling of tensile
experiments
In this appendix, several additional concepts and practical details related with
the analysis of tensile experiments and the modelling of material behaviour are
presented.
Section A.1 explains on detail the method used to process experimental data
from tensile experiments and extract the tensile properties of the material, while
section A.2 shows how the relations derived by Kolsky are used to obtain strain–
stress curves from the data measured in dynamic experiments in the split Hopkinson
bar setup. The next section, A.3, briefly discusses the thermal model used for the
simulation of temperature evolution in tensile specimens during an experiment,
using either several unidimensional elements or only one. Finally, section A.4 offers
a brief overview of the Johnson-Cook damage model, used to reproduce the fracture
process in Abaqus simulations.
A.1 Determination of tensile properties from experi-
mental data
Tensile properties are calculated from experiments using standard definitions [1, 2].
This section gives some details about the procedure followed to process the raw
experimental data in order to be able to apply these definitions.
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After removing superfluous data points before the beginning and after the end
of the experiment, and resampling the original data to a sensible number of points,
the Young modulus and yield stress are calculated. The Young modulus is found
optimizing the number of points at the beginning of the experiment that minimises
the error in a linear fitting. The slope result of the fitting is the Young modulus,
while the ordinate is used to correct the strain value, so that the first point is (0, 0).
Yield stress is then found as the intersection of the tensile curve and a line with
slope equal to the Young modulus, displaced 0.002 (0.2%) to the right of the origin.
Once the yield stress is known, it is possible to obtain only the plastic part
of the total strain (ep = e − σ/E), and calculate the corresponding true curves.
Given an engineering tensile diagram S(e) (where S = F/A0 and e = ∆l/l0), it is
converted to the true tensile curve σ(ε) (with σ = F/A and ε = ∆l/l) using the
relations:
ε = ln(1 + ep)
σ = S(1 + ep)
(A.1)
The true diagram is then used to calculate the point of maximum uniform strain
and ultimate strength (it is also calculated using the engineering diagram, as an
additional verification). Uniform strain is guaranteed as long as a local higher stress,
consequence of a reduction of area, can be compensated by the strain hardening
of the material, thus delaying the onset of necking, i.e. as long as dS/de(e) > 0.
It can be proven that this relationship, expressed in terms of engineering values,
is equivalent to σ(ε) < dσ/dε(ε) using true magnitudes and, therefore, the point
where the maximum uniform strain is reached satisfies the equation:
σ(εu) = dσ/dε(εu) (A.2)
The stress value at the point of maximum uniform strain σu = σ(εu) is known as
the tensile strength.
Since some scatter is unavoidable in raw experimental data, the point where two
curves intercept cannot be trivially determined. Instead, the intersection is found
looking for the point that minimises the sum of the differences at left and right.
Figure A.1 shows how this method is applied to find the maximum in a curve. The
same method is used to calculate yield stress and the point of maximum uniform
strain in engineering and true curves. Using several experiments, this method gives
repeatable results, with a standard deviation of 0.9-1% in the yield stress value and
0.5-0.6% in uniform strain.
Figure A.2 shows the raw data obtained in one tensile experiment and the
engineering and true diagrams obtained following the described process, as well as
the points of yield stress and tensile strength.
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Figure A.1: The point where a curve y0(x) intercepts an experimental curve y(x) is found finding the point (P0,
P1, P−1, ...) that minimises the sum of errors ei = y0(xi)− y(xi) at right and the errors at left with opposite
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Figure A.2: The raw tensile data (left) is processed to obtain the engineering tensile diagram (middle) and true
tensile diagram (right), as well as the tensile properties of the material (yield stress, maximum uniform strain and
ultimate strength)
A.2 Analysis of SHTB experimental data
The experimental data obtained from a dynamic experiment in the SHTB setup
(section 2.2.1.3) corresponds to signals from strain gauges in the input and output
bars (figure A.3). These signals need to be processed in order to obtain a tensile
curve [3].
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Figure A.3: Typical signals measured in a dynamic tensile experiment in the SHTB setup. The incident and
reflected waves are measured with strain gauges in the input bar, and the transmitted wave in the output bar. See also
figure 2.16
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Assuming uniform deformation in the gauge length of the specimen, mean
stress is calculated from the stresses at the bar-specimen interface and the strain
rate, using the corresponding velocities:
Sm(t) =
Sin(t) + Sout(t)
2
=
AbEb
2As
[et(t) + er(t) + ei(t)]
e˙m(t) =
vout(t)− vin(t)
L
=
Cb
L
[ei(t)− et(t)− er(t)]
(A.3)
where Ab and Eb are the cross-sectional area of the bar and its Young modulus,
As is the cross-sectional area of the specimen and L its gauge length, S and e are
engineering stress and strain, and the subindices i, t and r make reference to the
incident, transmitted and reflected waves.
Thus, the mean strain is obtained as the integral of strain rate:
em(t) =
uout(t)− uin(t)
L
=
Cb
L
∫ t
0
[ei(τ)− et(τ)− εr(τ)] dτ (A.4)
where Cb is the wave propagation speed (the speed of sound) in the bars.
The small length of the specimen allows a quasi-static equilibrium to be estab-
lished from the early stages of loading:
et(t) = er(t) + ei(t) (A.5)
which leads to the equations for the specimen:
S(t) = Sm(t) =
AbEb
As
et(t)
e(t) = −2Cb
L
∫ t
0
er(τ)dτ
e˙(t) = −2Cb
L
er(t)
(A.6)
At continuation, the engineering tensile diagram can be converted to a true
diagram and the material tensile properties can be extracted using the procedure
described in section A.1.
A.3 Thermal model of tensile tests
In order to characterise the mechanical behaviour of a material such that a model can
be properly defined, it is common to rely on the the results of standard tensile tests.
Several assumptions are made regarding these tests, such as quasi-static isothermal
conditions. However, the plastic work generated in the material during deformation
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can give rise to temperature increments in the material that can modify its behaviour.
For these reasons, the use of a thermal model in combination with the constitutive
models presented in section 2.3 is essential to have a full understanding of the
processes that are taking place in the material.
This section first discusses the results of a multi-element thermal model and,
after it is proved that the difference of temperature along the gauge length of the
specimen is not substantial, it is simplified to use a single element. The single
element model is used in chapter 5 in combination with experimental data and
several constitutive models to estimate the effect of heat transfer processes during
tensile tests and the temperature evolution in the specimen, such that non-isothermal
processes can be properly studied.
A.3.1 Isothermal and adiabatic conditions
When a material is deformed, part of the plastic work generated is transformed
into heat. This generated heat is partially dissipated from the material by means of
conduction and convection heat transfer mechanisms. If some heat is not dissipated,
the temperature of the material increases.
While heat generation is an inherent process of the material, the heat conduction
and dissipation are strongly dependent on the particular conditions of the process.
In addition to the thermal properties of the material, the geometry considered,
the properties of the environment and the speed of deformation affect, directly or
indirectly, the amount of heat that is dissipated. However, there are two exceptional
cases in which only the material properties are needed for a complete thermal
analysis. If the amount of heat dissipated is negligible, all the heat generated is
consumed in increasing the temperature of the sample in an adiabatic process. If, on
the other hand, the heat dissipated is equivalent to the generated one, the temperature
does not vary and the process is isothermal.
In non-isothermal processes, the increment of temperature in the material, ∆T ,
produced by an amount of heat Q, is determined by the mass of material m and its
specific heat c, such that Q = mc∆T . Therefore, the increment of temperature is
given by the expression:
∆T =
Q
mc
=
1
mc
(Qgen −Qcond −Qconv) (A.7)
As said above, under adiabatic conditions, all the generated heat contributes to
increase the temperature in the material. In this case, the temperature increment is
given by the relation:
∆T =
Qgen
mc
=
1
ρc
∫ εp
0
βσdε (A.8)
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where ρ is the density of the material. Other parameters, such as geometry or the
surrounding medium, have no influence on the evolution of temperature in the
material when the process takes place in adiabatic conditions.
A.3.2 Heat generation
The heat generated in the material during deformation, corresponding to a fraction
of the plastic work, is determined by the Taylor-Quinney coefficient β. Therefore,
in the expression of specific heat generation rate , q˙gen:
dqgen =
βσdε
ρ
(A.9)
A.3.3 Heat dissipation and temperature evolution during ten-
sile test (multi-element model)
In [4], thermal simulations are performed to calculate the heat generation and
dissipation in tensile samples during tensile experiments. The model considers
each sample as a series of unidimensional elements at constant temperature, and
a perfectly plastic material (with no hardening), and uses an explicit integration
scheme to calculate the increment of temperature in each element during small time
increments.
Figure A.4 shows the results obtained using the model in [4] for the experiments
in figure 5.4 (section 5.2.4), considering a Taylor-Quinney coefficient β = 0.59.
The graph shows the temperature profiles in the sample at different values of strain,
up to the value of maximum uniform strain.
The figure shows that the difference of temperature between the elements
adjacent to the sample shoulders and the elements in the center of the specimen is not
very pronounced. Indeed, the difference produced by different stress values is more
pronounced than the variation in different locations of the gauge length. Moreover,
due to the temperature sensitivity of the material, a non-uniform temperature breaks
the assumption of uniform deformation in the gauge length. For this reason, only
the average of the temperature in gauge length can be considered, with the results
presented in figure A.5.
A.3.4 Heat dissipation and temperature evolution during ten-
sile test (single-element model)
The goal of the thermal model is to determine the heat losses and evolution of
temperature during tensile tests in order to use the results of those tests for material
modelling. Therefore, the same assumptions that are considered in the tests can be
applied to the thermal model.
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Figure A.4: Evolution of temperature profile in tensile specimens (GL50, figure 2.11) during experiments at
strain rates of 8.00 · 10−5, 6.67 · 10−4, 5.00 · 10−3 and 5.00 · 10−2 s−1. The experiment at
5.00 · 10−2 s−1 is practically adiabatic, while the one at 8.00 · 10−5 is almost isothermal
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Figure A.5: Evolution of average temperature in the gauge length of the specimen predicted by the multi-element
thermal model for different strain rates
The deforming gauge section of the specimen is modelled as a vertical plate
at constant temperature and with constant heat transfer coefficient during each
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strain increment. Heat is transferred to the grips of the tensile setup by conduction
along the shoulders of the sample, and to the surrounding medium by convection
(see figure A.6). The heat that is not dissipated to the environment results in a
temperature increase of the sample:
T (εp) = T0 +
1
ρc
∫ εp
0
(
βσ − Q˙cond
ε˙
− Q˙conv
ε˙
)
dε (A.10)
Troom Troom 
Qcond Qcond 
Qconv 
ΔT 
Gauge length 
Figure A.6: Thermal model: the heat generated in the gauge length of the specimen is partly dissipated by
conduction towards the end of the sample, at room temperature, and partly dissipated by convection to the
environment; the remaining heat increases the temperature of the material
Heat transfer by conduction is calculated considering that the body at variable
temperature (the gauge length of the specimen) is separated from the region at
constant temperature (the sample grips) by a distance corresponding to the length
of the shoulders of the specimen. Convective heat is calculated considering that the
specimen is a plate at constant temperature in a laminar fluid, using the equations
given by Churchill and Chu for vertical plates [5]. The convective heat transfer
coefficient calculated by this method for the three specimen geometries considered
in this study and a room temperature of 30◦C is shown, as a function of temperature,
in figure A.7.
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Figure A.7: Heat transfer coefficient as a function of temperature calculated using the Churchill and Chu
equations [5] for a vertical plate in a laminar fluid for the specimen geometries GL5, GL50 and GL110 with a room
temperature of 30◦C
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The model is used in chapter 5 to study the temperature evolution in tensile
experiments. The temperature evolution results, presented in figure 5.9, are compa-
rable to the ones obtained with the multielement model in section A.3.3 (figure A.5),
as well as the results from the Abaqus simulation using a full 3D thermo-mechanical
model in section 5.5 (figure 5.15).
A.4 Johnson-Cook damage model
The Johnson-Cook damage model [6] is, as the corresponding plasticity model
(section 2.3.2), of phenomenological nature. It also uses five parameters that need
to be fitted (d1, d2, d3, d4 and d5) and considers the different factors that affect the
fracture process independently. These factors are stress triaxiality (η), strain rate
and temperature.
The damage model consists in an expression for the equivalent plastic strain
at onset of damage, given in (A.11), and a condition that has to be fulfiled by the
material to consider that the damage process has been initiated, in (A.12):
εf0 = [d1 + d2 exp (−d3η)]
[
1 + d4 ln
ε˙
ε˙0
] [
1 + d5
(
T − Tr
Tm − Tr
)]
(A.11)
∫
dεp
εf0
= 1 (A.12)
The values for the parameters of the model used in the finite element simulations
of chapter 5, which are found in [4] using an optimisation method and the same
sheet material as in this study, are reproduced in table A.I.
d1 d2 d3 d4 d5
-0.0783 0.2822 0.4790 0.0290 3.8700
Table A.I: Johnson-Cook damage model parameters used in the finite element simulations of chapter 5, obtained
with the optimisation process described in [4]
Since the Johnson-Cook criterion only predicts the initiation of damage, addi-
tional modelling is required to simulate a complete fracture. After damage has been
initiated, the stiffness and yield stress of the material degrade progressively. This
phenomenom is usually expressed on terms of a degradation law. More details are
given in [4].
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B
Eshelby inclusion problem
This appendix shows a brief overview of the inclusion problem and the solution pro-
posed by Eshelby [1]. Eshelby presented a solution for the problem of determining
the elastic state of an elastic inclusion in an infinite homogeneous isotropic elastic
matrix when the inclusion undergoes a change in shape and size. It is assumed
that, except for the constraints imposed by its surrounding (the matrix), this change
is determined by an arbitrary homogeneous strain. The solution of this problem,
obtained by means of a virtual transformation experiment, can be applied to several
problems related with inclusions in a medium. In particular, it can be extended to
anisotropic and viscoplastic materials, and it is applicable to the determination of
the stress state of an inhomogeneity in an homogeneous medium subjected to an
external load. This result is used in the VPSC model to determine the relationship
between the polycrystal, considered to be the homogeneous medium, and the grain,
considered to be the heterogeneous inclusion in the medium (see section 2.3.3 and
chapter 3).
The first section presents the problem statement and the equivalent problem
proposed by Eshelby. At continuation, the method is applied to the solution of the
problem for elastic and viscoplastic inclusions in a homogeneous medium. Finally,
the numeric implementation of the solution in VPSC is briefly explained. A more
complete development of the formulation here presented can be found in [2] and
the manual of the VPSC7 code [3].
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B.1 Inclusion problem
The original problem stated by Eshelby consisted in determining the stress state in a
region of a homogeneous material that undergoes a transformation which produces
a certain strain in it.
In order to solve this problem, a “virtual experiment” is performed. The experi-
ment is divided in four steps, corresponding to a simple set of imaginary cutting,
straining and welding operations, shown in figure B.1. First, the region to be de-
formed (the inclusion) is removed from the rest of material (the matrix), such that
the stress and strain in the matrix is zero and the inclusion deforms freely. The strain
in the inclusion at this point of zero stress is known as eigenstrain (and denoted
by the tensor ε∗ij). Next, a force is applied to the inclusion, such that it recovers its
original form. In this state, the inclusion is subjected to stress, but deformation is
zero. Finally, the inclusion is placed back inside the matrix. After removing the
force applied to the inclusion, it reaches the same state as the one corresponding to
the proposed problem. The stress state of matrix and inclusion in these conditions,
which is the desired solution, can be calculated based on the eigenstrain value.
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V0  V0
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Figure B.1: The Eshelby inclusion problem is divided in four virtual steps
In addition to solving this problem, Eshelby showed how the same solution
could be applied to a number of inclusion related problems. Some of these problems,
such as determining the strain and stress immediately outside of the inclusion or
determining the total strain energy of matrix and inclusion, can be solved for
homogeneous inclusions of arbitrary shapes. In the particular case of inclusions
of ellipsoidal shape, the problem can also be solved for the case of heterogeneous
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inclusions, with a material behaviour different to that of the matrix. Additionally,
the case in which the stiffness of the inclusion is zero can be used to solve problems
related with cavities.
B.2 Elastic inclusion
The stress in an elastic medium of stiffness Cijkl, induced by a distribution of
eigenstrains ε∗ij(x) is defined by Hooke’s law and the equilibrium equations:
σij = Cijkl (uk,l − ε∗kl) (B.1)
σij,j = 0 (B.2)
where σij is the Cauchy stress tensor and uk,l is the elastic distortion tensor, referred
to the untransformed medium. For the case in which ε∗ij(x) is uniform within an
ellipsoidal region and null outside, uk,l turns out to be uniform within the domain
of the inclusion. Solving the problem defined by equations (B.1) and (B.2), a
linear relationship can be found that relates the elastic distortion tensor with the
eigenstrain [4, 5], of the form:
ui,j = ΛikjlCklmnε
∗
mn (B.3)
where Cklmn is the elastic stiffness tensor expressed in the principal axis of the
ellipsoid and Λikjl is a fourth order tensor resulting from the solution of the Green
problem related with the system of differential equations formed by (B.1) and (B.2),
as explained in section B.4.
The uniform elastic strain and the elastic rotation in the inclusion are given by
the symmetric and anti-symmetric components of the distortion tensor defined by
(B.3):
εij = 1/2 (ui,j + ui,j) = 1/2 (Λikjl + Λijkl)Cklmnε
∗
mn = Sijmnε
∗
mn (B.4)
ωij = 1/2 (ui,j − ui,j) = 1/2 (Λikjl − Λijkl)Cklmnε∗mn = Πijmnε∗mn (B.5)
In these expressions, S is the classical Eshelby tensor, and Π is the Eshelby ro-
tation tensor. They can be calculated straightforwardly using the method described
in section B.4. An important property of tensors S and Π is that they only depend
upon the aspect ratios of the ellipsoid, and are therefore independent of the stress
state.
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B.3 Viscoplastic inclusion
In order to solve the problem of a viscoplastic inhomogeneity embedded in a
homogeneous viscoplastic medium, the inhomogeneity must be replaced by an
“equivalent inclusion”. The equivalent inclusion is assumed to follow a linear con-
stitutive equation similar to (2.10) with the same plastic moduli of the medium1, M
and ε˙0, but is subjected to a fictitious transformation strain rate ε˙∗g that induces the
same stress in the inclusion and in the surroundings as the inhomogeneity does (see
also figure B.1).
The condition that ε˙∗g has to fulfill within the domain of the inclusion, taking
into account the constitutive laws of inclusion and medium (grain and polycrystal)
given by equations (2.10) and (2.19), is:
ε˙g = Mσg + ε˙0 + ε˙
∗
g (B.6)
or, using the deviatoric magnitudes ˙˜ε = ε˙g − ε˙ and σ˜ = σg − σ:
˙˜ε− ε˙∗g = Mσ˜ (B.7)
This expression resembles the elastic formula (B.1), but it relates the five devia-
toric components of strain rate and stress. The equilibrium equations
(σ˜g)ij,j = (σg − σ)ij,j = (σg)ij,j = 0 (B.8)
apply to the six independent components of the Cauchy stress tensor. For obtaining
an equivalence with the elastic case, it is necessary to add a sixth independent
component of strain and stress, in order to account for hydrostatic pressure in
the viscoplastic formulation. The new components are chosen so that they are
proportional to the pressure and the dilatation rate and fulfill the condition that the
energy rate is given by the scalar product of the extended 6-dimensional vectors.
If two linear transformations α and β are defined such that they transform from
vector to tensor components and viceversa, such that vij = αijkvk, vk = βknmvnm
and αijkβknm = Iijnm, the problem defined by (B.7) can be expressed as a tensor
equation:
σ˜ij = Lijkl
(
˙˜εkl − ε˙∗kl
)
(B.9)
where the tensor Lijkl = αijk[M ]−1mnβmkl defines the tensorial form of the stiff-
ness2.
1As a consequence, the solution will only be valid as long as the linear approximation is valid
2The tensor [M ]mn is the extended form of the 5×5 tangent compliance extended with an additional
row and column of all zeros except the diagonal value, which is set to a low compressibility value. The
results of the calculation are independent of the exact value assumed [2]
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When defined by (B.9) and (B.8), the visco-plastic inclusion problem becomes
equivalent to the elastic problem presented in section B.2 and admits the same
formal solution. By analogy with the elastic case, the solution comes given in the
form of symmetric and skew-symmetric Eshelby tensors such that:
˙˜εg = Sε˙
∗
g (B.10)
ω˙g = ΠS
−1 ˙˜εg (B.11)
B.4 Numeric solution in VPSC
The viscoplastic inclusion problem is defined by the system formed by equations
(B.8) and (B.9), which after adding the incompressibility condition can be trans-
formed into a system of four differential equations:
Lijklu˜k,lj + σ˜
m
,i + fi = 0
u˜k,k = 0
(B.12)
where σm is the mean stress and fi = −Lijklε∗kl,j = σ∗ij,j is the fictiotious volume
force associated with the heterogeneity. The system defined by (B.12) has four
unknowns: the components of the velocity deviation vector and the mean stress
deviation. This system can be solved using a Green function method of two steps.
First, an auxiliary problem gives the Green functions associated to the unknowns
of the original problem and, then, the actual solution is found by evaluating the
convolution integrals of the associated Green functions.
The auxiliary problem can be transformed, using the Fourier transform method
[6], into an algebraic system in Fourier space, with trivial solution. Then, the
convolution integrals give an implicit solution to the problem. This solution depends
on the local dependence of the eigenstrain. However, since the elastic Eshelby
inclusion formalism [1] says that, if the eigen-strain is uniform over an ellipsoidal
domain where the stiffness tensor is uniform, then the stress and the strain are
constant over the domain of the inclusion, it is assumed an average value of the
local field inside the inclusion.
Taking advantage of this property, the inverse transform of the solution of the
Green problem is calculated and, using the derivatives found under the assumption
of uniform strain rate, a direct relationship is obtained for the Green interaction
tensor T , with the property:
u˙k,l = TklijLijmnε
∗
mn (B.13)
When this expression is integrated for an ellipsoidal domain [7], it gives an
expression for the interaction tensor which can be straightforwardly evaluated by
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a numeric method (VPSC7 and VPSC90 use Gauss-Legendre polynomials). The
Eshelby tensors (equivalents to S and Π in (B.4) and (B.5) for the case of an
elastic inclusion) can finally be evaluated as a simple transformation of the Green
interaction tensor:
Sijkl = 1/4 (Tijmn + Tjimn + Tijmn + Tjinm)Lmnkl (B.14)
Πijkl = 1/4 (Tijmn − Tjimn + Tijmn − Tjinm)Lmnkl (B.15)
All the calculations and methods involved in each of these steps are detailed in
the VPSC7 manual [3].
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VPSC90 source code
The implementation of the VPSC model presented in chapter 3, VPSC90, consists
of approximately 4000 lines of Fortran 90. Roughly 400 lines correspond to the
main file of the vpsc90.exe program, and another 450 lines contain Abaqus
subroutines. The rest of the code is divided in 13 modules, as shown in figure 3.3.
The core of VPSC90 is the evpsc_solve subroutine (inside the evpsc module),
which implements the algorithm presented in section 3.1 and figure 3.2. Due to the
importance of this subroutine, it is reproduced in this appendix.
evpsc.f90:21:
! Solve EVPSC problem in b-notation using Newton-Raphson method
subroutine evpsc_solve(tol, props, stat, de, dt, kcrss, solve, err)
use linalg
use basis
use eshelby
use logging
type(props_tolerance), intent(in) :: tol ! Tolerances
type(props_material), intent(in) :: props ! Material properties
type(stat_material), target, intent(inout) :: stat ! Input/output state
real(8), dimension(5), intent(in) :: de ! Strain increment
real(8), intent(in) :: dt, kcrss ! Time increment and CRSS factor
real(8), external :: solve ! Subroutine to solve boundary conditions
integer, intent(out) :: err ! Error
logical :: changed, & ! Did stress change in any grain this iteration?
& plastic, & ! Is there any plastic deformation this iteration?
& initm, & ! Was M initialized in prev iterations or prev steps?
& calcm, & ! Was M calculated the last iteration?
& forcecalcm ! Must M be calculated?
integer :: it, ip, ig ! Counters: interaction, phase, grain
real(8) :: frac, & ! Grain fraction
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& taulim, & ! Empirical limit for RSS/CRSS
& res, resg, resm, & ! Residuals: macro, interaction (max), compliance
& nde, ncde, & ! Norms: strain inc, elastic stress inc
& k ! Trust factor (0 < k <= 1)
real(8), dimension(5) :: s, s0, ds, sr, derr
real(8), dimension(5,5) :: m, b55
real(8), dimension(:,:,:,:), allocatable :: gam
type(stat_grain), pointer :: gr
logical :: debugging = .false. ! .true. .false.
! If we are debugging, print additional information
! (default to true if dec$ directives are not supported)
!dec$ if defined(DEBUGGING)
debugging = .true.
!dec$ endif
! Allocate array for gamma value of every slip system of every grain
allocate(gam(MaxNsys,MaxNmod,MaxNgr,MaxNph), stat=err)
if(err /= 0) call log_fatal(’ERROR allocating’)
! Store initial stress to calculate increments later
s0 = stat%s
! Initial strain rate and compliance
sr = stat%sr ! used only for initial taulim
m = stat%m ! used to find self-consistent m
! First guess: same stress from previous step
ds = 0.d0
k = 1.d0 ! initial step for NR method
! Calculate initial guess M = <Mg> if there
! is no m from the previous step
initm = (stat%resm > 0.d0)
! Scrambled eggs algorithm
call debug()
stat%nesh = 0
do it=1,tol%iter
stat%it = it
! Norm of strain increment and elastic stress increment
nde = norm(de)
ncde = norm(matmul(stat%c55, de))
! Shear limit. The limit is empirical, it has to be low
! enough to avoid stress variations that produce
! extremmely high strain rates
if(err == 0) then
if(nde/dt > gam0) then
taulim = ((1.d0 + tol%e) * norm(stat%sr))**(props%nrsmax)
else
taulim = (1.d0 + norm(stat%sr))**(1.d0/props%nrsmax)
end if
taulim = (1.d0 + tol%s) * taulim ! leave some margin
end if
! On error, reduce the trust region
if(it > 1) then
if(err > 0) k = k * Coef
if(res > tol%e .or. resm > tol%m .or. resg > tol%e) &
& k = min(k, Coef * (2.d0 - Coef))
end if
! Calculate stress correction in each grain and solve strain
! rate and compliance of the grain and macroscopic values
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changed = (it == 1)
! If m has not been initialized before, calculate first guess M = <Mg>
if(.not. initm) m = 0.d0
! Grain and macro plastic compliance and strain rate will be
! calculated as the vol average over all the grains
s = 0.d0
sr = 0.d0
do ip=1,props%nph
! If purely viscoplastic, use first guess higher than maximum tau0
if(it == 1 .and. .not. props%elastic .and. all(stat%s == 0.d0)) &
& ds = de/nde * &
& maxval(props%ph(ip)%mod(:props%ph(ip)%nmod)%tau0)/Coef
do ig=1,props%ph(ip)%ngr
gr => stat%ph(ip)%gr(ig)
frac = props%ph(ip)%gr(ig)%frac
! Stress increment in the grain
if(it == 1) then
! Start with gr%ds and gr%s = 0 instead of gr%s and gr%ds = 0
! to reduce stress if the first guess is too bad (common in
! non-elastic problems, with big steps, or with twinning)
gr%ds = gr%s + ds
gr%s = 0.d0
else if(err > 0) then ! Diverging solution, reduce
gr%ds = Coef * gr%ds
else ! Accepted solution, find new guess
gr%s = gr%s + gr%ds
! Correct using error of the iteraction equation
! if there is some m
if(resm > 0.d0) then
! If the plastic compliance is not self-consistent,
! penalize correction proportionally to residuals
if(resm < tol%m) then
gr%ds = matmul(gr%b, ds) + matmul(gr%b1, gr%derr)
else
gr%ds = res/sqrt(res**2+resg**2) * matmul(gr%b, ds) + &
& resg/sqrt(res**2+resg**2) * matmul(gr%b1, gr%derr)
end if
else
gr%ds = ds
end if
! Do not allow grain stress to grow more in an iteration
! than a purely elastic macroscopic stress increment
if(props%elastic .and. norm(gr%ds) > ncde) &
& gr%ds = ncde/norm(gr%ds) * gr%ds
! Limit new guess to the trust region
gr%ds = k * gr%ds
end if
! Calculate new m, sr and gam of the grain using the
! strain-rate sensitivity approach and affine linearisation
call gr_solve(props%ph(ip), gr, kcrss, taulim, gam(:,:,ig,ip), tol)
! Macro
s = s + frac*(gr%s+gr%ds) ! S = <Sg>
sr = sr + frac*gr%sr ! SR = <SRg>
! Initial guess: non self-consistent M = <Mg>
if(.not. initm) m = m + frac*gr%m
! Track if there is any significant change to
! know when to stop iterating
if(.not. changed) then
derr = gr%s + gr%ds ! use derr as temp
changed = (norm(gr%ds)/norm(derr) > tol%s)
end if
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end do
end do
! If deformation is elastic or the solution is diverging,
! do not bother calculating m and derrg
plastic = (dt*norm(sr) / nde > tol%e)
calcm = .false.
resm = 0.d0
resg = 0.d0
if(plastic .and. err == 0) then
! Calculate new guess for self-consistent m and
! localization tensor if requested
resm = stat%resm
if(it > 1 .and. forcecalcm) then
! solve_m solves the Eshelby problem(s) and calculates
! Bg for every grain, interaction tensor and a new guess
! of plastic compliance M = < Mg Bg > < Bg >ˆ-1
call solve_m(tol, props, stat, m, resm)
! Try again if m was not calculated the previous step or
! the iteraction equations did not converge
if(stat%resm == 0.d0 .or. stat%resg > tol%e) &
& call solve_m(tol, props, stat, m, resm)
calcm = .true.
initm = .true.
end if
! Calculate error in interaction equation of each grain
! if there is already some self-consistent m or the
! new guess is an improvement
if(stat%resm < tol%m .or. resm < stat%resm) then
do ip=1,props%nph
do ig=1,props%ph(ip)%ngr
gr => stat%ph(ip)%gr(ig)
! dERRg = (S-Sg) + M˜:(SR-SRg)
gr%derr = s-(gr%s+gr%ds)
gr%derr = (sr-gr%sr) + matmul(stat%ph(ip)%mint, gr%derr)
resg = max(resg, norm(gr%derr))
end do
end do
resg = dt * resg / nde
end if
else if(.not. plastic) then
initm = .false. ! Back to elastic, calc M=<Mg> again
end if
! The solve external subroutine returns the needed macroscopic
! increment of stress (ds) and new strain increment (derr) that
! satisfy the imposed boundary conditions using the current
! compliance (m), and return the macroscopic residual (res)
ds = s-s0
derr = sr
res = solve(ds, derr, m)
! Recalculate norms with new strain increment
nde = norm(derr)
ncde = norm(matmul(stat%c55, derr))
! Accept current solution if it is the first iteration, did
! not change since the last one, or reduces the residual;
! else set error to reduce the stress icrement
if(res < stat%res .or. (resg > 0.d0 .and. resg < stat%resg) .or. &
& it == 1 .or. .not. changed .or. &
& (resm / stat%resm < stat%res / res .and. &
& (res < stat%res/Coef .or. res < tol%e))) then
! If err is zero, the previous guess was good too
if(err == 0) then
! Increase step size
k = min((k + 1.d0) / 1.9d0, 1.d0)
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! Force calculation of m if the solution did not change
forcecalcm = (.not. changed .or. .not. initm)
end if
err = 0
changed = .true.
! force calcm if the residual is increasing
if(it > 1 .and. res > stat%res .and. .not. calcm) forcecalcm = .true.
! Set state to new solution
stat%res = res
stat%resg = resg
stat%resm = resm
! Call debug here, after setting err
! and res but before setting stat%s
call debug(’’)
stat%s = s
stat%sr = sr
stat%m = m
! Stop iterating once convergence is reached.
! Make sure that if plastic is true, the plastic
! compliance was calculated the last iteration
if(res < tol%e .and. resg < tol%e .and. resm < tol%m &
& .and. (.not. plastic .or. calcm)) exit
if(res < tol%e .or. resg < tol%e .or. resm > tol%m) &
& forcecalcm = .true.
else if(.not. changed) then
err = 0
call debug(’<-’)
exit
else
err = err + 1
call debug(’--’)
end if
end do
! Accept stress increment in each grain and
! shear rate in each slip system
do ip=1,props%nph
do ig=1,props%ph(ip)%ngr
gr => stat%ph(ip)%gr(ig)
if(changed) then
gr%s = gr%s + gr%ds
else
gr%ds = 0.d0
! Repeating this (not a big deal)
call gr_solve(props%ph(ip), gr, kcrss, taulim, gam(:,:,ig,ip), tol)
end if
gr%sys(:,:)%gam = gam(:,:,ig,ip)
end do
end do
! If convergence was not reached, report error
if(stat%res > tol%e .or. stat%resg > tol%e .or. stat%resm > tol%m) &
& err = it
deallocate(gam)
return
contains
...



